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PREFACE

This book covers the pricing of assets, derivatives and bonds in a discrete time, complete markets framework. It relies
heavily on the existence, in a complete market, of a pricing kernel. It is primarily aimed at advanced masters and PhD
students in finance. Chapter 1 deals with asset pricing in a single-period model. It derives a simple complete market
pricing model and then uses Stein's lemma to derive a version of the capital asset pricing model. Chapter 2 then looks
more deeply into some of the utility determinants of the pricing kernel. In particular, it investigates the effect of non-
marketable background risks on the shape of the pricing kernel. Chapter 3 derives the prices of European-style
contingent claims, in particular call options, in a single-period model. The Black–Scholes model is derived assuming a
lognormal distribution for the asset and a pricing kernel with constant elasticity. It emphasises the idea of a risk-neutral
valuation relationship (RNVR) between the price of a contingent claim on an asset and the underlying asset price.
Chapter 4 extends the analysis to contingent claims on assets with non-lognormal distributions and considers the
pricing of claims when RNVRs do not exist. Chapter 5 extends the treatment of asset pricing to a multi-period
economy. It derives prices in a rational expectations equilibrium. The rational expectations framework is then used in
Chapter 6 to analyse the pricing of forward and futures contracts on assets and derivatives. Finally, Chapter 7 extends
the analysis to the pricing of bonds given stochastic interest rates. This methodology is then used to model the drift of
forward rates, and as a special case the drift of the forward London Interbank Offer Rate in the LIBOR market model.
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1
ASSET PRICES IN A SINGLE-PERIOD MODEL

This chapter derives asset prices in a one-period model. We derive a version of the capital asset pricing model (CAPM)
using a complete market, state-contingent claims approach. We define the forward pricing kernel and then use the
assumption of joint normality of the cash flows and Stein's lemma to establish the CAPM. We then derive the pricing
kernel in an equilibrium representative investor model.

1.1 Initial Setup and Key Assumptions
In this section we establish the value of a firm j which generates a cash flow xj at a single point in time. There are j =
1,2,…,J firms in the economy and the sum total of the cash flows xm = x1 + x2 +… + xJ, is the aggregate, or market
cash flow. In the model, states of the world are represented by outcomes of the cash flows of the firms. We make the
following assumptions:

1. We assume a single period extending from time t to time t + T. Each firm pays a dividend equal to its cash flow at t
+ T.

2. Next, we assume that forward parity holds. Since no dividends are paid between t and t + T, this means that the
spot price Sj,t of asset j is given by

(1.1)
where Bt,t+T is the price at t of a zero-coupon bond paying $1 at time t + T and Fj,t,t+T is the forward price at time t
for the delivery of asset j at time t + T. Note that, if this equality does not hold (i.e. forward parity is violated),
arbitrage profits can be obtained by trading S, F, and B.



3. We assume that there are a finite number of states of the world at time t + T, indexed by i = 1,2,…,I, each with a
positive probability of occurring. Let pi be the probability of state i occurring. A state-contingent claim on state i is
defined as a security which pays $1 if and only if state i occurs.

4. We now assume that the markets are complete. Specifically, we assume that it is possible to buy a state-contingent
claim with a forward price qi for state i.

1 In complete markets, the qi prices exist, for all states i.
2

5. Assume that the investors have homogeneous expectations. This means that they agree on the probability of a state
occurring and on the cash flow of each firm in each state.

6. Assume that the price of a portfolio (or a package) of contingent claims is equal to the sum of the prices of the
individual state-contingent claims.3 It follows that an asset j, which has a time t + T payoff xj,t+T,i in the state i, has a
forward price

(1.2)
For simplicity, when there is no ambiguity, we drop the time subscripts and write Fj = ∑i(qixj,i).

We will show that the above set of assumptions is sufficient to establish the pricing of assets. However, other sets of
assumptions are possible. For example Pliska (1997) assumes, at a more fundamental level, just the absence of
arbitrage in financial
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1 In practice, it may not be possible to directly purchase such state-contingent claims. However, if put and call option contracts on an asset can be purchased at all strike prices,
then effectively a complete market exists for claims on the asset. Portfolios of puts and call can be formed to replicate the contingent-claim payoffs.

2 The assumption of a finite state space could be relaxed to permit an infinite state space, while retaining the complete markets assumption. For such a generalisation, see the
proof in Nachman (1982), where he assumes digital options are traded at all strike prices.

3 This is an implication of what is known as the Law of One Price, see for example Cochrane (2001), chapter 4, or Pliska (1997), chapter 1.



markets. LeRoy and Werner (2001), equivalently, assume that a set of assets exists which span the state space.

1.2 Properties of the State Price, qi

We first establish some important properties of the state forward prices. Note first that q is a pricing function. We can
write qi = q(i), where convenient, to emphasise this fact. We have:

1. The state price, qi, is always greater than zero.Since qi represents the price of a claim which pays $1 if a state with
positive probability occurs, it is a claim with positive utility and thus must have a positive price, i.e. qi > 0.

2. The state prices sum to 1, i.e. ∑iqi = 1.To prove that ∑iqi = 1, we use the relation in equation 1.2. If xj is a certain
cash flow, for example the payoff on a zero-coupon bond, xj,i = $1 for all i. In this case, the forward price must be
equal to $1, which means from (1.2) that Fj = ∑i 1 · qi = 1 or ∑iqi = 1.

A set {qi} which is positive and sums to unity is a ‘probability’ measure. Note that it is similar in many respects to the
set of probabilities {pi} which is also positive and sums to unity. In the literature, qi is often referred to as the risk-
neutral measure.4

1.3 A Simplication of the State Space
So far, we have defined the state space as the product of the states of all the individual firms in the economy. We now
simplify the state space, defining the states of the world by different outcomes of xm, the aggregate market cash flow.

We first illustrate the state space assumed so far, using an example with just two firms and three states for each cash
flow. In Fig. 1.1, there are three states for each firm and nine in all. These result in nine different states for the market
portfolio. Note that firm 2 can be regarded as the combination of all the other firms in the economy.

ASSET PRICES IN A SINGLE-PERIOD MODEL 3

4 For further reading on risk-neutral measures, see Williams (1991).



FIG. 1.1. The state space

Notes:

1. Firm 1 has a cash flow x1,g in its good state, x1,b in its bad state, and x1,o in its OK state.
2. Firm 2 has a cash flow x2,g in its good state, x2,b in its bad state, and x2,o in its OK state.
3. There are 9 states in all, indicated by (g,g), (g,o), …, (b,b).
4. The market cash flow in state 1 is xm,1 = x1,g + x2,g, and is xm,2 in state 2 and so on.

1.4 The Pricing Kernel, φi

In this section we define a variable, often known as the pricing kernel, φ. We then establish the essential properties of
φ. It is defined by

i.e. it is the forward price of a state-contingent claim relative to the probability of the state occuring. It is sometimes,
therefore, referred to as the ‘probability deflated’ state price. Note that the pricing kernel here is more precisely
described as the ‘forward pricing kernel’, since qi is the forward state price. Often, we will write φ = φ(i) in functional
form. The properties of φi are as follows:

1. Since pi > 0 and qi > 0, this means the pricing kernel φi is a positive function.

4 ASSET PRICES IN A SINGLE-PERIOD MODEL



2. E(φ) = 1. This follows immediately from the fact that the sum of the state prices is 1. We have

In Fig. 1.2, we illustrate the state prices, probabilities, and the pricing kernel using the same example introduced in Fig.
1.1. Note that there is a state price, qi and a joint probability, pi, for each

FIG. 1.2. State space, state prices, and pricing kernel

Notes:

1. Firm 1 has a cash flow x1,g in its good state, x1,b in its bad state, and x1,o in its OK state.

2. Firm 2 has a cash flow x2,g in its good state, x2,b in its bad state, and x2,o in its OK state. xm is the sum of x1 and x2.

3. There are 9 states in all of the market cash flow.

4. qi is the state price, pi is the probability of the state, and φi is the probability deflated state price or pricing kernel.

5. In this example, the forward price of the cash flow x1 is given by

ASSET PRICES IN A SINGLE-PERIOD MODEL 5



joint outcome of the firm cash flow and the market portfolio. This illustrates one potential problem. There is nothing
to prevent two of the outcomes leading to the same value of xm. In this case we will assume that the pricing kernel has
the same value in both states. Note that although the state prices will not usually be the same, it is reasonable to assume
that the probability deflated state prices are the same.5 In this case we can write the pricing kernel as a function of the
aggregate cash flow, i.e., φ = φ(xm).

Given our definition of the pricing kernel, we find, rewriting equation (1.2), that the forward price of the asset j is

(1.3)

It follows that the case where φi = 1, for all i, is of particular significance. In this case we would have:

Here, the forward price equals the expected value of the cash flow. This occurs if the cash flow can be priced under the
assumption of risk neutrality. Hence the case where φi = 1, for all i, equates to the case of risk neutrality.

In order to appreciate the importance of the pricing kernel, consider the following expansion of equation (1.3). Using
the definition of covariance, the forward price is 6

6 ASSET PRICES IN A SINGLE-PERIOD MODEL

5 If deflated state prices depend upon the marginal utility for consumption in a state, as in the equilibrium model derived later, then they will depend on aggregate market cash
flows rather than on the composition of the aggregate cash flow.

6 See Exercise 1(a). The covariance between two variables X and Y is given by



and given that E [φ(xm)] =1, we have

It follows that the behaviour of φ, in particular its covariance with the cash flow xj, determines the risk premium for
the asset, which is represented by the excess of the expected value of the cash flow over its forward price. In most
cases, as we will see in Chapter 2, it turns out that φ(xm) is negatively correlated with xj, in which case the risk premium
is positive.

1.5 The Capital Asset Pricing Model
In this section, we illustrate the generality of the pricing kernel approach by deriving a version of the CAPM. The
CAPM can be derived either by assuming that the pricing kernel is a linear function of xm, or by assuming that the
firm's cash flow and the aggregate market cash flow are joint-normally distributed. Here we take the latter approach.

Assume that the function φ(xm) is differentiable with φ′(xm) < 0, as in Fig. 1.3 and that xj,xm are joint-normally
distributed. It then follows from Stein's lemma (see appendix at the end of the book) that:

(1.4)

FIG. 1.3. The pricing kernel

ASSET PRICES IN A SINGLE-PERIOD MODEL 7



since E[φ(xm)] = 1, where

This is a cash flow version of the well-known CAPM. The more familiar rate of return version of the CAPM follows in
a few steps from (1.4).

First, we apply the model to find the forward price of the market cash flow, xm. This is given by

(1.5)
where Fm is the forward price of the market portfolio cash flow, xm. Rearranging (1.5), we get the market price of risk,

(1.6)

The forward price of asset j is then, substituting in (1.4),

Dividing both sides by the forward price, Fj, we obtain

Rearranging this equation gives

(1.7)

Finally, if we denote βj = cov(xm/Fm,xj/Fj)/var(xm/Fm) as the beta of xj with respect to the market portfolio, then,

This is a forward version of the standard CAPM. It says that the risk premium of a stock is the beta of the stock times
the risk premium on the market.

Now, in order to derive the more familiar spot version of the CAPM, substitute the forward price Fj = Sj (1 + rf), using
spot-forward parity, where and let Sm be the spot

8 ASSET PRICES IN A SINGLE-PERIOD MODEL



value of the market portfolio. Then, we have:

Finally, denoting the returns on Sj and Sm as rj and rm, respectively, we find that

This is the more commonly seen spot version of the CAPM.

1.6 The Arbitrage Pricing Theory
In this section we apply the pricing kernel approach to derive a version of the arbitrage pricing theory (APT). We
assume that the cash flow of firm j, xj is a linear function of a set of factors. For example, we assume there are K
factors and for factor fk the factor loading is βjk. In this case

where ɛj is independent of fk. We then have:

Note that this is merely an expansion of the covariance term into K covariances with the underlying factors, plus a
residual covariance. However, if one of the following conditions holds, an economically meaningful decomposition
follows. The conditions are:(i) there is no idiosyncratic risk, ɛj = 0; or

(ii) the idiosyncratic risk is not related to the pricing kernel, cov[ɛj,φ(xm)] = 0.

If ɛj = 0 or cov[ɛj,φ(xm)] = 0, then

Here, the risk premium E(xj) − Fj is the sum of K risk premia.

ASSET PRICES IN A SINGLE-PERIOD MODEL 9



This is a version of the APT model. Note that the APT is a paradigm which is somewhat different from the CAPM.
For the CAPM we need either quadratic utility or the joint-normal distribution. These assumptions are not required
for the APT provided that cov[ɛj,φ(xm)] = 0 or ɛj = 0. In other words; (i) idiosyncratic risk is not priced; or (ii) xj is a
fully diversified portfolio.

1.7 Risk Aversion and the Pricing Kernel in an Equilibrium Model
So far we have worked with the pricing kernel φi, with no underlying model of the determinants of this crucial variable.
We now derive one such model. Equilibrium models assume that investors maximise expected utility and derive an
equilibrium in which markets clear, i.e. there is zero excess demand for all assets. In this section, we simplify the model
somewhat, by assuming that there is only one investor in the economy. An alternative, equivalent assumption is that
the market acts as if there is just one investor with ‘average’ characteristics. This is often referred to as the
‘representative agent’ assumption.7

Let wt+T,i be the wealth of the investor in the state i at time t + T. Assume that the investor is endowed with investible
wealth wt at time t, in the form of cash. The investor can purchase state-contingent claims which pay $1, if and only if
the state i occurs at time t + T. The price of the claims are qi for i = 1,2,…,I. The investor's problem is to choose a set
of state-contingent claims paying wt+T,i, given a budget allocation of cash, wt.

We make the following additional assumptions:1. The investor maximises the expected value of a utility function
u(wt+T). Hence the investors problem is:

subject to

(1.8)

2. The utility function has the properties u′(wt+T) > 0 (non-satiation) and u″(wt+T) < 0 (risk aversion).

10 ASSET PRICES IN A SINGLE-PERIOD MODEL

7 See, for example, Huang and Litzenberger (1988), Chapter 5.



The first assumption follows from the more basic assumption of rational choice.8 The second assumption guarantees
that satisfying the first-order conditions leads to an optimal and unique solution. Note that the discount factor enters
the budget constraint because the qi are forward prices, whereas the given cash wealth wt is a time t allocation.

We solve the optimisation problem by forming the Lagrangian:

Then the first-order conditions for a maximum are:

(1.9)

Summing equation (1.9) over the states i we then find

or

since ∑iqi = 1. Now, substituting for λ in (1.9), the first-order condition becomes

or

In this model, a condition for the investor's expected utility to be maximised is that the pricing kernel equals the ratio
of marginal utility in a state to the expected marginal utility. To complete the model, we need to determine the
investor's wealth at time t + T, in each state. However, in equilibrium the

ASSET PRICES IN A SINGLE-PERIOD MODEL 11

8 This follows from the Von Neuman–Morgenstern expected utility theorem, see Fama and Miller (1972). Basically, it states that if the investor behaves according to five axioms
of choice under uncertainty, then maximising expected utility should always lead to maximising utility and hence to an optimal investment choice. The five axioms govern the
comparability, transivity, independence, certainty equivalence, and ranking of choices.



single investor's demand for state-contingent claims must equal the available supply. Hence wt+T,i must equal xm,i, the
aggregate market cash flow in, state i. Substituting in the expression for the pricing kernel, we conclude that

for all i. Hence, we have

as assumed earlier in the chapter. Since marginal utility is a positive function of xm and we may assume u″(xm) < 0, it
follows that φ(xm) is a declining function of xm as assumed in Fig. 1.3.

1.8 Examples

1.8.1 Case 1: Risk Neutrality
A risk-neutral investor is one who has a linear utility function

where a and b are constants. Then differentiating the utility function

and the pricing kernel is therefore

In this case, the forward price is

In this example of risk neutrality, Ft,t+T = E(Ft+T,t+T) has the martingale property.

1.8.2 Case 2: Utility is Quadratic
Assume utility is given by:

where b > 0, δ < 0. In this case, marginal utility is

12 ASSET PRICES IN A SINGLE-PERIOD MODEL



and the pricing kernel is given by

We then have

and the forward price of xj,t+T is

(1.10)
where

is a constant. Equation (1.10) is a version of the CAPM. Earlier, the CAPM was derived under the assumption that
wealth and asset prices were joint normal. This example illustrates that quadratic utility is an alternative sufficient
condition. In this case, the pricing kernel is linear in wealth.

1.9 A Note on the Equivalent Martingale Measure
We noted above that the set of forward state prices {qi} is a probability measure. In the literature it is often referred to
as the Equivalent Martingale Measure, or simply EMM. Since this measure will be used extensively in later chapters, we
now include a brief explanation of this terminology.

Let P = {pi} and Q{qi} be two probability measures. P and Q are equivalent if qi > 0 if and only if pi > 0. Let EP(.) and
EQ(.) be expectations under the probability measures, P and Q, respectively. From equation (1.2), dropping the j
subscript:

ASSET PRICES IN A SINGLE-PERIOD MODEL 13



Now rewrite the forward price, F, as Ft,t+T. Also, note that the time t + T spot price, x, can be expressed as Ft+T,t+T. This
is because the forward price at t + T for immediate delivery, is simply the spot price at t + T. Hence

If such a relationship holds, the variable is said to have the Martingale property, and Q is therefore referred to as the
EMM.9 In the literature, EQ is often used loosely as the risk-neutral measure, since it has the same property that the
true measure would have under risk neutrality, the case discussed in Section 1.8.1.

1.10 A Note on the Asset Specic Pricing Kernel, ψ(xj)
The asset specific pricing kernel was introduced by Brennan (1979) and is important in the analysis of option pricing. It
is the expected value of the pricing kernel φ(xm) given the outcome of xj. For asset j, we can write the forward price

where the notation indicates expectation over values of x. Defining , we have

Two properties of the asset-specific pricing kernel are important and will be used in later chapters. First, it follows
directly from φ(xm) > 0, that ψ(xj) > 0. Second, E[ψ(xj)] = 1. This property follows from the fact that the forward price
of a non-stochastic cash flow, must be the the cash flow itself. Alternatively, directly we have

14 ASSET PRICES IN A SINGLE-PERIOD MODEL

9 The concept of EMM and the use of this probability measure were made popular by Harrison and Krepps (1979). For a detailed discussion see Williams (1991).



1.11 Conclusions
We have used a complete markets approach to derive asset forward prices in a one-period model. Readers can
compare our approach to that of other well-known texts on financial theory. It is closely related to the model
developed by Huang and Litzenberger (1988). However, for the most part our approach does not require an
equilibrium, although such an equilibrium could be one possible way for the pricing kernel to be determined. The
CAPM derived in this chapter is incomplete in one respect. Under the assumption of joint normality we have derived a
linear relationship between the risk premium on the stock and the risk premium on the market. However, unless we
have an equilibrium model, we do not know that the risk premium on the market is positive.

Our use of the pricing kernel is similar in many respects to the use of a ‘stochastic discount factor’ in Cochrane (2001).
However, as in Huang and Litzenberger (1988), the emphasis in Cochrane is on a consumption based CAPM. Our
approach is closer to that used by Pliska (1997). The difference is that Pliska starts at the more basic level of a no-
arbitrage economy. His more mathematical treatment is targeted at deriving prices in incomplete markets.

ASSET PRICES IN A SINGLE-PERIOD MODEL 15



Exercises
1.1. (a) Use the definition of covariance to show that

(b) Show, using a numerical example, that

1.2.Assume there are 3 states with probabilities (0.3, 0.4, 0.3). Suppose the corresponding state prices are (0.36, 0.38,
0.26). Illustrate the probability distribution of the pricing kernel.

1.3.Assume the following joint probability distribution of (x,φ):

φ

x 0.6 0.8 1.2 1.4

10 0.4 0.1 0 0

5 0 0 0.1 0.4

Compute the forward price of the asset using F = E(φ x and using F = E[xE (φ | x)].

1.4. Show that the pricing kernel in an economy of risk-neutral investors is always 1 and in this economy EP = EQ.

1.5.Assume that utility is cubic:

Compute φ and cov(φ,x), and derive a CAPM relating the forward price, F, to the expected payoff, E(x).

1.6.Explain the significance of each of the assumptions made in section 1.1. Which of the assumptions is strong in the
sense of ‘not being likely to be true in practice’. How could the theory be generalised by relaxing these
assumptions?

1.7.Assume that three firms produce cash flows: x1, x2, x3 each with possible outcomes (1, 0), with probability 0.5 and
assume the cash flows are independent. Assume that the pricing kernel, φ(xm) has the following values, φ(0) = 1.8,
φ(1) = 1.2, φ(2) = 0.8, φ(3) = 0.2:(a) Show the distribution of qi.(b) Show that E(φ) = 1.(c) Compute the forward
price of cash flow x1.
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1.8.Assume that an investor has power utility with

with γ < 1, γ ≠ 0.Assume that there are only three states of the world, i = 1,2,3. Write out the maximisation of
expected utility problem for the investor. Show the first-order conditions for a maximum.
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2
Risk Aversion, Background Risk, and the Pricing

Kernel

We have seen in Chapter 1 that asset prices depend on the characteristics of the pricing kernel, φ(xm). In the simple
case, where all investors are identical, we can model the pricing kernel using the utility function of the ‘representative
investor’. In this chapter we look in more detail at utility functions and their effect on the shape of the pricing kernel.
We discuss the meaning of risk aversion, in particular ‘relative risk aversion’ and show that if relative risk aversion is
constant at different levels of wealth, then the pricing kernel exhibits constant elasticity. We then show that the
introduction of ‘background risk’, i.e., non-hedgeable risks, causes the pricing kernel to exhibit declining elasticity. This
effect on the pricing kernel is particularly significant for the pricing of options.

2.1 Risk Aversion and Declining Marginal Utility of Wealth
Consider the well-known St. Petersburg Paradox (Bernoulli, 1738) that describes the probability game where one
tosses a coin till a head is obtained. The game offers the investor $1 if a head is obtained on the first toss, $2 if the head
is first obtained on the second, $4 if head is first obtained on the third, $8 on the fourth, and so on. If the game
consists of n possible tosses, the expected value of the game is

Now assume that n→∞, i.e., there is no limit on the number of tosses of the coin. The expected payoff from the game
is infinite. However, although the expected value of the game is infinite, reasonable individuals would be willing to pay
at most a few dollars to play a game with an expected payoff of infinity. One possible explanation is that most investors
are risk averse. The amount that



a risk averse individual will pay is less than the expected return of the game, since risk represents a source of disutility.

The utility of wealth, describes the level of satisfaction gained from a given amount of wealth. A utility function defines
the relationship between the amount of wealth and the utility the investor derives from it. There are some commonly
accepted characteristics of utility functions. Insatiability means individual will prefer more wealth to less, i.e., the first
derivative of the utility function is positive. Diminishing marginal utility means the additional utility derived from an
additional unit of wealth decreases as wealth increases, i.e., the second derivative of utility function is negative.

We will assume that an individual's utility function for wealth u′(w) is three times differentiable, i.e., the derivatives u′(w),
u″(w), and u″′(w) exist. A rational investor is averse to risk if u′(w) > 0 and u″(w) < 0. This is the case where the marginal
utility of wealth is positive and declining. Such an investor will decline to participate in a fair game. The general shape
of the utility function is illustrated in Fig. 2.1.

FIG. 2.1. Positive, declining marginal utility

As an example, assume that an investor has a utility function:

with 0 < γ < 1. This utility function has the properties:
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Assume that this investor faces a fair gamble of w0 in return for (w0 + ɛ) with probability p = 0.5, and (w0 − ɛ) with
probability 1-p = 0.5. The expected value of the incremental utility from taking the gamble is

Differentiating with respect to ɛ, we find

The investor faces an expected reduction in utility if he or she accepts a gamble with ɛ ≠ 0. This is because of the non-
linearity (i.e., convexity) of the utility function. In this example if we assume, as in Chapter 1, that the investor
maximises the expected utility of wealth, then the fair gamble will be rejected.

2.2 Absolute Risk Aversion
One of the frequently encountered assumptions in finance is that investors have exponential utility functions. Here we
assume that the representative investor has an exponential utility function of the form:

It follows that

We now explore the implications of this function for the risk premium. First, for the representative investor, wealth w
= xm, the aggregate cash flow of the firms in the economy. In the previous chapter we found that, under the
assumption of normality, the risk premium for a cash flow was proportionate to E[φ′(xm)], where

Evaluating this expression in the case of exponential utility we have:
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a constant. Hence, in the context of the CAPM, exponential utility is of central importance. If the representative
investor has exponential utility, the market price of risk, E[φ′(xm)], is non-stochastic. We will use this property in
Chapter 5, when deriving a tractable multi-period asset pricing model.

The above property of exponential utility is closely related to the fact that for this function

In general, for any utility function, the ratio a(w) = −u″(w)/u′(w) is known as the coefficient of absolute risk aversion. The
degree of risk aversion is measured by a(w). In the case of exponential utility, a(w)= α, a constant. However, for utility
functions other than the exponential, a(w) is stochastic and dependent on wealth. For this reason exponential utility is
often referred to as Constant Absolute Risk Aversion utility, or CARA.

The degree of absolute risk aversion also determines the changes in the absolute amount of risky investment an investor
will make as wealth increases. Absolute risk aversion could be decreasing, constant or increasing. If the investor
increases the absolute amount invested in risky assets as his or her wealth increases, then the investor is said to exhibit
decreasing absolute risk aversion.

In practice, one would expect, for most investors, that as wealth increases the dollar amount invested in risky assets
will increase. This explains why declining absolute risk aversion is a commonly made assumption. This assumption
restricts the possible utility function that could describe the investor's preferences to a reasonable set.10

2.2.1 Relative Risk Aversion
Another frequently encountered utility function is the power function. The most convenient form of this function is as
follows:
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where γ is a constant such that

Taking the first derivative:

Further,

and the coefficient of absolute risk aversion is

This is an example of declining absolute risk aversion. Further, since a(w) declines in proportion to wealth, we say that
the power function exhibits constant relative risk aversion (CRRA). We define the coefficient of relative risk aversion
as11

In the case of the power function above, the relative risk aversion is:

If the investor increases the proportionate amount invested in risky assets as wealth increases, then the investor is said
to exhibit decreasing relative risk aversion. Theoretically, investors may also exhibit CRRA or increasing relative risk
aversion. While there is a general agreement that most investors exhibit decreasing absolute risk aversion, there is
much less agreement concerning relative or proportional risk aversion.

The importance of the power function in the context of asset pricing is illustrated below. Assuming again a
representative
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investor with utility u(xm), we now assume that the investor has power utility:

It then follows that the pricing kernel in this case is

Assume now that a cash flow, xj and the aggregate market cash flow, xm are joint-lognormally distributed. The
logarithmic mean of xj is E(ln x) and the logarithmic variance is var(ln x). Also, the logarithmic mean of the pricing
kernel is E(ln φ) and the logarithmic variance is var (ln φ). If y is a lognormal variable,

We then have the forward price

where

Now, using the relationship

and the property E(φ) = 1, we find

and hence
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Hence, using the pricing kernel:

it follows that

and

(2.1)

In this model, where the cash flows xj and xm are joint lognormal, and where the representative investor has power
utility, the risk premium, expressed as the ratio of the forward price to the expected value of the cash flow, is a
constant. In equation (2.1) γ and the covariance term are constants. This stems from the CRRA property, which
implies that the risk premium is the same at all levels of the cash flow.12

2.2.2 The Elasticity of the Pricing Kernel
A precise measure of the degree to which the pricing kernel reflects constant or declining relative risk aversion is its
elasticity. We may define the elasticity of the pricing kernel by the following relationship:

If the representative investor has power utility, we saw above that the relative risk aversion is constant. It follows that
in this case, the elasticity of the pricing kernel is constant. We have

Hence, in the representative investor economy, the elasticity of the pricing kernel is simply the degree of relative risk
aversion of the investor. Hence, in the case of the pricing kernel φ(xm) we
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use the terms elasticity of the pricing kernel and the relative risk aversion of the representative investor interchangeably.
However we will also discuss in Chapter 3 about the elasticity of the firm-specific pricing kernel, defined in a similar
manner, using ψ(xj) rather than φ(xm).

The elasticity of two pricing kernels is illustrated in Fig. 2.2, for the cases of CARA and CRRA. The case of CARA
assumes that u(x) = −e−ax with a = 0.28. The case of CRRA assumes that u(x)=[(1 − γ)/γ] [x/(1 − γ)γ with γ = −3.98.
From the graph it can be observed that the pricing kernel in the case of CRRA has the property of constant elasticity.
In the case of the CARA, the elasticity is non-constant, and is in fact increasing with x.

FIG. 2.2. Pricing kernel: CARA and CRRA

2.2.3 Prudence
An important characteristic of the pricing kernel, which determines the pricing of options, is the rate of decline of its
elasticity. Mathematically, this decline is determined by the third derivative of the utility function of the representative
investor.13 It is

26 Risk Aversion, Background Risk, and the Pricing Kernel
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given by

Rearranging this derivative:

Defining

as the absolute prudence of the utility function and wp(w) as the relative prudence, we obtain

It follows that ν′ < 0 if the difference between relative prudence and relative risk aversion exceeds unity.

Note that absolute prudence is analogous to absolute risk aversion, but involves the second and third derivatives of the
utility function rather than the first and second derivatives. Also the more prudent is the utility function, given the
absolute risk aversion, the more the pricing kernel elasticity declines. To illustrate the calculation of absolute prudence,
we take power utility as an example,
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Note that, in this case, absolute prudence exceeds absolute risk aversion and

which is consistent with constant elasticity.

The coefficient of absolute risk aversion, a(w) > 0 indicates positive risk aversion and the coefficient of absolute
prudence, p(w) > 0 indicates positive prudence. When a′ (w) < 0, investors become less risk averse as they get wealthier.
p′ (w) < 0 indicates declining prudence; investors become less prudent as they get wealthier. An investor is said to be
standard risk averse if a(w) > 0, a′(w) < 0, p(w) > 0 and p′(w) < 0. The HARA class of functions, excluding the exponential
utility function, are standard risk averse. The significance of standard risk aversion is as follows: a standard risk averse
investor will act in a more risk averse manner towards risky assets when faced with a zero-mean, additive background
risk.14

To illustrate non-constant elasticity of the pricing kernel, we now introduce a wider class of utility functions. Most
utility functions used in Finance, are members of the hyperbolic absolute risk averse (HARA) class.

First, we define the HARA class. A HARA utility function is of the form:

if γ ≠ 0, where A and γ are constants such that (i) γ < 1 and A + w > 0, or (ii) γ = 2.

If γ=0, the HARA utility function is defined by the marginal utility function
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Note that the power function (CRRA) is a special case where A = 0. Also u(w) = ln(w) when A = 0 and γ=0.15 Also,
the exponential utility function is a special case where γ → −∞.

The relative risk aversion of the utility function is directly affected by the constant A. If A < 0 the utility function
exhibits declining relative risk aversion. To see this, differentiate the marginal utility function and obtain

The relative risk aversion is hence

which declines in w when A < 0. Differentiating again,

The absolute prudence is then given by

Also, the difference between the relative prudence and relative risk aversion is

Since r(w) is a constant, log utility is an example of the class of Constant Relative Risk Averse utility functions. a(w) is
positive but a′(w) = −1/w2 < 0, which means that the investor is decreasing absolute risk averse. A log utility investor is
one who is myopic.
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is decreasing absolute risk averse. A log utility investor is one who is myopic.



which is greater than 1 when A < 0, confirming that the elasticity of the pricing kernel declines when A < 0.

In Fig. 2.3, we illustrate the effect of the constantA factor on the elasticity of the pricing kernel. The solid line plots the
pricing kernel under DRRA, withA = −5 and γ = −2. The dotted line plots the pricing kernel under CRRA, with A =
0 and γ = −3.98. The example assumes a uniform distribution for xm = 10,11,·,19 and is calibrated so that the two
pricing kernels have expected values equal to unity and produce the same forward price. In both cases, F = E[xmφ(xm)]
= 11.92. Note that the two pricing kernels intersect twice.

FIG. 2.3. Declining and constant elasticity

The example illustrates the fact that two pricing kernels, calibrated to give the same forward price of an asset, one with
constant relative risk aversion and one with declining relative risk aversion, must intersect twice. This is important in
the valuation of options, since, as we will see in Chapter 4, the convexity of the pricing kernel is a crucial determinant
of the relative pricing of options.

2.3 Background Risk and the Pricing Kernel
In this section, we analyse the effect on investors' attitudes towards marketable risky assets of a second non-hedgeable
risk, such as labour income uncertainty. These secondary risks are called background risks. The CAPM, derived in
Chapter 1, assumes that
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investors are risk averse, i.e., u′(w) > 0, u″(w) < 0 and derives an equilibrium in which the beta of a company's stock
determines its cost of capital. Risk aversion implies that the pricing kernel is a declining function of aggregate wealth,
φ′(w) = φ′(xm) < 0, as shown in the analysis of the representative investor's utility. However, an individual's attitude to
market risk can be affected by background risk. Generally, the effect of background risk is to increase the risk aversion
of the investor towards marketable risks. This increases the slope of the pricing kernel. However, as we will show, it
also changes the shape of the pricing kernel.

Investors may be subject to many different background risks, not just labour income uncertainty, which can affect their
demand for risky assets and hence their prices.16 Examples of other background risks that can affect investors are
uncertain bequests, uncertain medical bills, and the returns on non-marketable stocks.

Here, we look at the effect of zero-mean (or pure) background risks by analysing a derived utility function for market
portfolio wealth. The derived utility is the utility function of an investor who faces a marketed risk in the presence of a
second non-hedgeable risk. It has been shown in the literature that the risk aversion of the derived utility function
exceeds the risk aversion, in the case where there is no background risk.

So far we have assumed complete markets for cash flows of firms. Now in the case of non-hedgeable background
risks, we introduce an element of market incompleteness. However, we continue to assume that the marketable risks of
firms are traded in a complete market.17
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multinational company with foreign exchange and interest rate risks which are hedgeable ‘market’ risks and operational risk which is not hedgeable. Here the operational risks are
background risks which affect the demand for foreign exchange and interest rate hedging. Also, consider the case of a fund manager who is judged on his fund's absolute and
relative performance. The portfolio risk is hedgeable, but his performance relative to his peers is not. The latter can be treated as a background risk.
17 The existence of incomplete markets for background risks has the potential for solving at least three major puzzles in finance: the equity premium puzzle (Weil, 1992); the
demand for options, which is supposed to be a redundant asset in equilibrium models (Franke et al., 1998); and the herd-like behaviour and seeming underperformance of
portfolio managers.



2.3.1 Consumption Optimisation Under Background Risk
We now analyse the effect of background risk on the pricing kernel, by looking at the portfolio demand of a
representative investor. Background risk refers to a second, non-hedgable, zero-mean, independent risk to which the
investor is subject. We show here that an investor with a constant relative risk averse (power) utility function, faced
with background risk, acts towards the market risk like an investor without background risk, but with declining relative
risk averse utility.

Following Franke et al. (1998) consider a representative investor whose wealth at time t + T is given by w = xm + e,
where xm is the aggregate market cash flow, and e is a background risk. Utility is given by

where a complete market exists for xm, and e is a non-hedgeable background risk. In this case, the amount the investor
can consume depends not only on the risky payoff, but also on the background risk. The background risk e is
independent from xm. We also assume that E(e) = 0 so that the non-hedgeable income is a pure risk.18

The maximisation problem is:

subject to the same budget constraint used before in Chapter 1, i.e.,

First, we write
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Then, by analogy with the no background risk case in Chapter 1, the first-order condition is

and, summing over i

Finally, substituting for λ we have

(2.2)

Background risk changes the pricing kernel in the following way. As equation (2.2) shows, the numerator is now an
expectation of marginal utility, over the background income states. As we will see below, the presence of background
risk can have significant effects on the φ(xm) function.

2.3.2 The Precautionary Premium and the Shape of the Pricing Kernel
In order to analyse the impact of background risk on the pricing kernel, it is useful to introduce the concept of the
precautionary premium. Kimball (1990) defines the precautionary premium, θ(xm), by the relation:

Hence, θ(xm) is the amount of the deduction from xm that makes the marginal utility equal to the conditional expected
marginal utility in the presence of the background risk, e. The precautionary premium is analogous to the risk
premium, but applies to marginal utility instead of the utility itself.

In the appendix, we prove two results concerning the precautionary premium for the general class of HARA utility
functions. We show there that θ(xm) > 0 when a background risk exists. Also, except in the case of exponential utility,
θ′(xm) < 0. The non-negativity of θ(xm) reflects the fact that the risk premium is also non-negative. Intuitively, θ′(xm)< 0
follows from the fact that
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a given background risk has less effect at high income level than at low income level. Similarly, we would expect rich
individuals to have a smaller precautionary premium than poor individuals. The shape of the precautionary premium
for two levels of background risk is illustrated in Fig. 2.4.

FIG. 2.4. The precautionary premium

Figure 2.4 illustrates the properties of the precautionary premium for two possible levels of background risk. The
higher curve reflects a higher level of background risk. For each level, the value of θ(xm) is positive and declining in xm.

We can now analyse the effects of the precautionary premium on the pricing kernel. First, rewriting equation (2.2)
using θ(xm), we have

(2.3)

Since θ is positive, the effect of the precautionary premium is to reduce the impact of the constant A on the pricing
kernel. Since a positive value ofA indicates increasing relative risk aversion, the effect of θ(xm), in this case, is to reduce
the rate of increase of the derived relative risk aversion. If A = 0, the case of CRRA,
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the effect of θ(xm) is to induce declining relative risk aversion in the derived function. IfA < 0, and u exhibits declining
relative risk aversion, the effect of θ(xm) is to increase the rate of decline in the derived function.

However, the pricing kernel also reflects the fact that θ(xm) declines as xm increases. This has the effect of increasing the
values of φ(xm) in the low xm states relative to the high xm states.

Background risk has two separate effects on the derived utility of the representative investor and the pricing kernel.
First, since the marginal utility of the derived utility function exceeds that of the original function, the aversion to
market risks increases. This is reflected in a steeper slope of the pricing kernel. The consequence is that the risk
premium increases, compared to the no-background-risk case. This is the effect analysed by Weil (1992). Second, the
pricing kernel is more likely to exhibit declining elasticity. This effect will have an impact on the relative value of
contingent claims, as we show in Chapter 4.

2.4 Conclusion
In a representative agent economy, the pricing kernel is determined by the relative marginal utility of the agent. In this
chapter, we have investigated the properties of utility functions and defined various measures of risk aversion, which
are important for asset pricing. We have also defined the prudence of a utility function, which is important for option
pricing. Further analysis of the utility foundations of asset pricing are found in Gollier (2000). For a detailed
justification of the representative agent economy assumption, see Huang and Litzenberger (1988), chapter 5.

We have emphasised here the impact of non-hedgeable background risks on the prudence of the representative
investor and hence on the shape of the pricing kernel. We will see in Chapters 3 and 4, the shape and in particular the
decline in the elasticity of the pricing kernel is critical for the pricing of contingent claims.

2.5 Appendix: Properties of the Precautionary Premium
In Section 2.3.2 we showed the effects of a positive, declining precautionary premium, θ, on the pricing kernel. The
proofs that θ has these properties in the case of HARA utility functions are shown
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in Franke et al. (1998). Here we summarise the proofs of these properties.

Lemma 1With background risk, if u(xm) is HARA with −∞ < γ < 1 and θ is two times differentiable, then

Proof For the HARA utility function, the marginal utility function u′ is a strictly convex function, since u″′ > 0. It then
follows from Jensen's inequality

Hence, θ > 0, since e has zero mean and u′ is strictly decreasing in xm.

To establish the second property, note that for the HARA utility, absolute prudence and absolute risk aversion have the
same sign, since

Also, the derivatives of p(xm) and a(xm) with respect to xm have the same sign. Pratt (1964) established that the risk
premium declines with xm, except in the case of exponential utility. By analogy, the precautionary premium also declines
in xm, except in the case of exponential utility, where it is a constant.
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Exercises
2.1.Assume that the utility function of the representative investor is given by

Assume that A = 10, α = 0.1, w = 1,2,3,4 each with probability 0.25. Compute the distribution of the pricing
kernel.

2.2.Assume that utility of consumption is given by:

(a) Compute u′, u″, a(w), and γ(w).(b) What do you conclude from these calculations?

2.3.Assume a probability distribution for x as follows:

and an independent distribution for a background risk, e:

Assume u(w) = ln(w), where w = x + e(a) Compute Ee[u(x + e)] for x1, x2, and x3;(b) Compute λ in the first-order
condition;(c) evaluate the precautionary premium, θ for x1 = 10.

2.4.Let u(w) = w½. Show that an investor with such a utility function will not pay $100 to play a game that pays $150 or
$50 with equal probability.

2.5.Assume that utility is HARA, with

Show that relative risk aversion declines in w when A < 0.2.6. Reproduce the example in Fig. 2.3. Assume that x
has a uniform distribution and u(x) is HARA.
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3
OPTION PRICING IN A SINGLE-PERIOD MODEL

In this chapter, we use the one-period complete markets model to price European-style options. These options are
contingent claims whose payoffs depend upon the terminal cash flow xj of asset j that occurs at time t + T. We show
that the value of the option depends upon the shape of the pricing kernel, and in particular on the shape of the asset-
specific pricing kernel, ψ(xj). The analysis starts at a general level and then concentrates on an important special case,
where the underlying cash flow is lognormal. We establish in this case that a risk-neutral valuation relationship (RNVR)
exists between the option price and the price of the underlying asset if the asset-specific pricing kernel, ψ(xj), has the
property of constant elasticity. This establishes the well known Black–Scholes equation for the value of an option. We
also establish sufficient conditions for the asset-specific pricing kernel to exhibit constant elasticity. Throughout the
chapter, we derive the forward prices of options and relate them to the forward price of the underlying asset.

3.1 The General Case
Consider an asset j with a payoff xj,t + T at time t + T and an European-style contingent claim on xj,t+T with a payoff
function g(xj,t+T). From the complete market assumption, the forward price of the contingent claim g(xj,t+T) is

(3.1)



Now dropping the time subscripts

(3.2)

Note that there is an important difference between the expectation operator in equation (3.2) and that in (3.1). In (3.1)
the expectation is over all the states of the asset, xj and those of the market cash flow xm, but in (3.2) the expectation is
only over xj. We use equation (3.2) in Section 3.3 to evaluate option price assuming lognormality.

As in Chapter 1, equation (3.1) can be expanded using the definition of covariance to give

Given that E[φ(xm)] = 1, we can write

(3.3)

In general, it is difficult to evaluate equation (3.3), given the two functions involved in the covariance term. However,
there is a solution in the following example which illustrates the general approach.

3.2 An example: Quadratic Utility and Joint-normal Distribution for xj

and xm

In this example, we make two strong assumptions that allow us to directly evaluate the contingent claim price. The
assumptions are the same as those found in Chapter 1 to be sufficient for the CAPM to hold. However, in the case of
the contingent claim here, we need both assumptions to hold simultaneously. We assume both quadratic utility, which
gives us a linear pricing kernel, and joint-normality of the cash flow and wealth.

Let φ(xm) = u′(xm)/E[u′(xm)] = (A + Bxm) as in the case of quadratic utility, introduced in Chapter 1. Then, from
equation (3.3)
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Now assume xj and xm are joint-normally distributed. Then, we can invoke Stein's lemma (see appendix at the end of
the book) and obtain

Now, assume that the contingent claim is a call option where g(xj) = max(xj − k,0). In this case g′ (xj) takes the values
zero (when the option is out of the money, xj < k) or one (when the option is in the money, xj > k). So E[g′(xj)] =
prob(xj > k) and hence

(3.4)
cond term on the right-hand side of (3.4) is a covariance weighted by the probability of the option being in the money.
If prob(xj > k) = 1, then the risk premium is identical to the risk premium on the stock. The forward price of
aggregate wealth is

which can be solved for the market price of risk, B.

Equation (3.4) has an interesting intuitive interpretation. It says the risk premium for the option is a proportion of the
risk premium of the underlying asset. The proportion is the probability that the option will be exercised. Although the
pricing relationship is intuitive, the model unfortunately, relies heavily on the use of quadratic utility as well as the
normality assumption. Also note that, in order to price the option, we need to know the probability of exercise. In the
models below this information is not required.

3.3 Option Valuation When xj is Lognormal
Returning to the general equation for the value of a contingent claim, (3.2), we see the importance of the asset-specific
pricing kernel ψ(xj) in the valuation of contingent claims. We now assume, more conventionally, that the cash flow xj =
xj,t+T is lognormally distributed. Note that this is the same assumption that is made in the Black and Scholes (1973)
model.19 We now show that a surprisingly simple valuation relationship between the contingent

OPTION PRICING IN A SINGLE-PERIOD MODEL 41

19 In the Black–Scholes model it is assumed that the price of an asset evolves as a geometric Brownian motion over the period t to t + T. This results in a cash flow to the holder
of the underlying asset of xj,t+T at time t + T that is lognormal.



claim price and the price of the underlying asset is obtained if the ψ(xj) has the property of constant elasticity.
20 The

valuation of the contingent claim is given by what is often termed a risk-neutral valuation relationship (RNVR)
between the price of the claim and the price of the underlying asset. If a RNVR holds then the relationship between the price
of the claim and the price of the underlying asset is the same as it would be under risk neutrality. The most well-known RNVR is the
Black–Scholes formula for the price of a call option. The RNVR is of great practical importance, since it allows
options to be priced without knowledge of the risk aversion of investors. We now show that the Black–Scholes RNVR
exists when xj is lognormal and ψ(xj) has constant elasticity, we proceed, using a sequence of steps.

3.3.1 Notation for the Lognormal Case
Suppose a cash flow xj is lognormal. We now define the mean and variance of ln xj:

Using this notation, the probability distribution of ln xj is given by

(3.5)
hat σx here is the non-annualised volatility of xj over a period of length T. It is convenient to work initially with non-
annualised variables, since the distance from t to t + T is fixed.

3.3.2 The Asset-Specic Pricing Kernel
We now make an important assumption about the pricing kernel. Here we assume that the asset-specific pricing kernel
is a power function of xj:

where α > 0 and β < 0 are constants. First note that if this is the case, the asset-specific pricing kernel has constant
elasticity. The
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elasticity of the pricing kernel is defined by the relationship:

and hence in this case

One consequence of this constant elasticity assumption, together with the fact that xj is lognormal, is that the asset-
specific pricing kernel is lognormal. We have

with ln xj normal and hence lnψ(xj) = lnα + βln xj, which is also normal. Hence we have

and we denote

Also, for any pricing kernel ψ(xj), we must have E[ψ(xj)] = 1. It then follows from the lognormal assumption that21(3.6)

We will use this result in the derivation below.

3.3.3 The Risk-adjusted PDF
We now derive the forward price of a contingent claim paying g(xj). From the complete markets assumption, the
forward price, at time t, for delivery at t+T of the claim is
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To evaluate this expression, we first express the payoff on the contingent claim as a function h of ln xj. We define the
function h by the relation:

As an example, if g(xj) is the payoff on a call option, with a strike price k, we have

and h(ln xj) is given by

We can now derive an expression for the value of the claim. The forward price of the contingent claim is given by

where

is called the risk-adjusted probability density function (PDF) for the asset. When expectations are taken under this density,
we obtain the forward prices for contingent claims on the asset. We will first analyse the properties of this risk-adjusted
PDF and then apply the results to the valuation of the contingent claims.

Substituting the assumed form of the asset-specific pricing kernel, we have

Now substituting the value for α from equation (3.6) we find
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It then follows from completing the square that (see Exercise 3.2)

(3.7)
paring (3.5) and (3.7) we note that the risk-adjusted PDF is like the original PDF shifted by the factor . This is
illustrated in Fig.3.1. Since

the two curves intersect at ψ(xj) = 1. We now proceed to evaluate this shift factor.

FIG. 3.1. Original and risk-adjusted PDF and the corresponding value of asset-specific pricing kernel
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3.3.4 The Forward Price of the Underlying Asset under Lognormality
We now analyse the forward price of the underlying asset under the same assumptions. We have, from Chapter 1,

Now, since the product of two lognormal variables is lognormal, xj ψ(xj) is lognormal, and using result 4 in the
appendix (in Section 3.8),

In terms of the notation introduced above, the expected value of xj is given by

and hence, in this case:

It then follows that

or

(3.8)

3.3.5 The Lognormal RNVR
Substituting (3.8) into (3.7), we then have the forward price of the option:

(3.9)

Note that the expression for the contingent claim value in (3.9) does not include the pricing kernel parameter β or the
mean of the asset μx. This is an example of what Heston (1993) calls a missing parameters valuation relationship. One
parameter of the PDF of the underlying asset (μx) and one parameter of the pricing kernel
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(β) are missing from the valuation formula. In this case the option can be valued without the knowledge of these two
parameters.

However, in this case, the relationship between the forward price of the claim and the forward price of the underlying
asset is also a RNVR. A RNVR is a relationship which is compatible with risk neutrality. To see this note that under
risk neutrality the contingent claim price would be derived by taking the expectation

(3.10)
μ*x is the mean of the asset under risk neutrality. But, under risk neutrality, the expected value of xj is also the forward
price Fj and

Substituting this value of μ*x in (3.10) yields exactly the same expression as in (3.9). We see that the claim is priced as if
the world was risk neutral. For this reason, the relationship between the option price, F[g(xj)], and the forward price of
the underlying asset, Fj, in (3.9) is referred to as a RNVR.

3.4 The Black–Scholes Price of a European Call Option
In this section we apply the general expression for the price of the contingent claim paying g(xj) to the special case of a
call option. A European-style call option, with strike price k has a payoff at time t+T:

We now show that the price of this claim is given by the Black–Scholes formula.

To derive the Black–Scholes formula for the value of a call option, we need to evaluate the RNVR in (3.9). The
forward price of the option is given by
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where the risk-adjusted PDF is given by

First, note that the integral can be written as

since the option pays off nothing if ln xj is less than ln k, i.e., when xj < k. It is convenient to split the integral into two
parts:

(3.11)

Now, for the normal distribution, closed form expressions exist for the two integrals required in equation (3.11). We
require expessions of the general type

and

The latter is given by the cumulative density function:

The former expression is less standard but it is shown in the appendix that:

Hence we can evaluate the integrals in equation (3.11) in this case using y = ln xj and a = ln k.

Applying the above results and substituting the mean of , and a = ln k, we have
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and

Finally, substituting these expressions in the option pricing equation (3.11) yields

This is the forward version of the well-known Black–Scholes formula. The forward price of the option is a function of
the forward price of the underlying asset, Fj, the (logarithmic) variance, σx, and the strike price of the option, k. It is a
short step now to derive the spot value of the option. We use the notation St[g(xj)] for the spot price, at time t, of the
contingent claim paying g(xj) at time t+T. Since the option is itself a non-dividend paying security, its spot price is given
by the discounted value:

(3.12)
or, using conventional notation:

(3.13)
where

3.4.1 Some Applications of the General Black–Scholes Formula
The formula for the price of a call option, in equation (3.13), is referred to as the ‘general Black–Scholes’ formula
because it applies to call options on many different types of asset. To illustrate the point, we apply the equation here to
a variety of different assets, including non-dividend paying stocks, and dividend paying stocks.
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1. Non-dividend paying assets: In this case, spot-forward parity for the underling asset means that the spot price of
the asset is

where Bt,t+T = e−rT and where r is the continuously compounded interest rate and T is in years. Also if we define the
annualised volatility of the asset by we then have:(3.14)

2. Assets paying a non-stochastic dividend: Assume that the underlying asset is a stock or bond, paying a known
dividend Dt+T at time t + T. In this case, spot-forward parity implies

since the forward contract does not receive the dividend. In this case equation (3.13) implies

(3.15)
where

3. Assets paying a stochastic proportional dividend: Suppose that the underlying asset pays a dividend proportional to
xj at time t + T. While somewhat unrealistic for options on individual stocks, this assumption is often made when
considering options on indices of stocks. Let Dt+T = δ xj, then in this case spot-forward parity implies
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It then follows that

(3.16)
where

3.5 The Black–Scholes Model and the Elasticity of the Pricing Kernel
In the above derivation of the Black–Scholes formula for the value of a call option, we made two important
assumptions. First, we assumed that the payoff on the underlying asset at time t + T was lognormal. We will see in
Chapter 4, that different assumptions regarding the probability distribution of the underlying asset lead to different
option pricing models. Second, we assumed that the asset-specific pricing kernel, ψ(xj), has constant elasticity. Again, in
Chapter 4 we will explore the effects of relaxing this assumption. However, we first show that, given the lognormality
of xj the assumption of constant elasticity of the asset-specific pricing kernel is a necessary as well as a sufficient
condition for the Black–Scholes formula to hold. In other words if the pricing kernel does not have the property of
contant elasticity, then the Black–Scholes formula does not hold.

The argument follows the proof of Brennan (1979), Theorem 1 and Satchel et al. (1997). If

has to hold for all contingent claims g(xj) then , where f(ln xj) is the actual distribution with mean
parameter μx and is the risk-neutral distribution, with mean parameter ln . From ,
we can derive which is lognormal (i.e., as before), and it follows that η is constant.
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Hence, if xj is lognormal, the Black–Scholes model (and the RNVR) holds in a single-period economy only if the
elasticity of the asset-specific pricing kernel, η is a constant (across states), i.e., if η is not a constant then the Black-
Scholes model (and the RNVR) does not hold. This necessity result is highly significant because it confirms the crucial
importance of the assumption of constant elasticity of the asset-specific pricing kernel. Under the assumption of
lognormality of xj, the Black–Scholes RNVR holds if and only if ψ(xj) has constant elasticity. One interesting corollary of
this result is that options on a lognormal market cash flow, xm, will be priced by Black–Scholes if and only if the
representative investor has power utility. This is the result in Brennan (1979).

3.6 Sufcient Conditions for ψ(xj) to have Constant Elasticity
In this section, we derive one set of sufficient conditions for the asset-specific pricing kernel, ψ(xj), to exhibit constant
elasticity. We assume that xj and the pricing kernel, φ(xm) are joint lognormal. We note in passing that this condition will
be fulfilled in a representative investor economy, where the investor has power utility and where the aggregate wealth,
xm, is joint-lognormal with the cash flow xj. However, there are many other sets of conditions resulting in a lognormal
pricing kernel.

As before we denote the terminal payoff on the underlying asset as xj. We again assume that xj is lognormal with
(logarithmic) mean and variance:

We further assume that the pricing kernel φ(xm) is also lognormal with (logarithmic) mean and variance:

If xj and φ(xm) are joint-lognormal, then we can write
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where ɛ is independent of xj. Then the unconditional expectation and variance of ln φ(xm) are given by

and

respectively. Then, the conditional expectation of ln φ is

and the conditional variance is

Hence

since . Note that is a lognormal variable, and the exponential term, e[], is a constant. It follows
that ψ(xj) = E[φ(xm) | xj], the firm-specific pricing kernel, is also lognormal and has constant elasticity.

3.7 Conclusion
We have established the Black–Scholes formula for the value of a European-style call option, assuming constant
elasticity of the asset-specific pricing kernel. The treatment follows a similar logic
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to that in Huang and Litzenberger (1988). Most other texts prove the Black–Scholes model, using a continuous time
model (see e.g. Hull 2003). Cochrane (2001) uses a continuous time process to establish that the pricing kernel has
constant elasticity. He then proves the Black–Scholes formula using a similar argument to the one used in this chapter.
We will show in the following chapter that the assumption that the stock price follows a lognormal process in
continuous time is a sufficient condition for the asset-specific pricing kernel to have constant elasticity. However, the
pricing of European-style options is actually a single-period problem, as the treatment here shows.

3.8 Appendix: The Normal Distribution
In the text we assume that a cash flow x is lognormally distributed. If y = ln x then y has a normal distribution. In this
appendix we state a number of results that are obtained when a variable is normally distributed. These are stated
without proof. The reader is referred to a statistics text, for example, Mood et al. (1974). If f(y) is normal with μ, σ:

The expectation that y > a is

where N[·] is the standard normal cumulative density distribution function.

We have the following results:

1. The expected value of a lognormal variable:

This follows from the moment generating function of the normal distribution. Also it is a special case of result 2
below. It also follows that
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2. The expected value of the truncated lognormal distribution:

Following the proof in Rubinstein (1976), p. 422, we have

and thus the result follows using the definition of the cumulative normal distribution.
3. If ln y and ln xj are bivariate normal, we can write the linear regression:

where ɛ is independent of ln xj.
4. If X = e x and Y = e y are bivariate lognormal variables, then XY = e x+y is also lognormal. Hence

Also since

it follows that
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Exercises
3.1.Let g(x) be the payoff function for a call option with strike price k. Show that E[g′(x)] = prob(x > k), where prob(x

> k) is the probability of the call option being exercised.

3.2.Prove that (cf. equations (3.7) and (3.9))

3.3.Let

where xj is lognormal with (μx,σx). Derive an expression for α.

3.4.Explain what are the following: (a)f(x), (b) (c) a RNVR.

3.5. In the following, assume that x is lognormal with μx = 2.5, σx = 0.3, β = 0.8.(a)
Compute E(x)(b) Compute E(xβ)(c) Compute Pr(ln x < a) where a = 3.5(d) Compute E(eln x | ln x > 3.5)

3.6. Suppose that ln xj has the distribution:

p ln xj
0.25 1.5
0.5 1.75
0.25 2.39

What is the payoff on a call option with strike price k = 5?
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4
VALUATION OF CONTINGENT CLAIMS: EX-

TENSIONS

In the previous chapter we derived a model of contingent claims prices, where the underlying asset has a lognormal
distribution, and the asset-specific pricing kernel has constant elasticity. These assumptions are sufficient to establish
the Black–Scholes model for the price of European-style options. In this chapter we extend the analysis in a number of
directions. First, we relate the material in Chapter 3 to a more conventional approach where it is assumed that the
forward price of the underlying asset follows a given process from time t to the option maturity date, time t + T. We
show that if the forward price follows a lognormal process, then the asset-specific pricing kernel has constant elasticity
and the Black–Scholes RNVR follows. Then we consider alternative sufficient conditions for the firm specific pricing
kernel to have the constant elasticity property.

We then extend the analysis to contingent claims on assets with non-lognormal distributions. First, we derive a RNVR
for options on assets that have normal distributions, as in the Brennan (1979) model. Brennan shows that such a
relationship exists, if the representative investor has exponential utility. We then derive a RNVR for options on assets
with generalised lognormal distributions, as in the shifted lognormal case of Rubinstein (1983).

Finally, we consider the pricing of claims where RNVR do not exist. We first discuss Heston's (1993) extension to the
case of ‘preference-parameter free valuation relationships’. This is a case where at least one preference parameter in the
pricing kernel is irrelevant for the pricing of contingent claims. We then derive the related results in Franke, Stapleton,
and Subrahmanyam (1999) who showed that if assets are lognormal, but the pricing kernel has declining elasticity, then
all options have higher prices than in the Black–Scholes world. Finally, we discuss the bounds on option prices in such
economies.



4.1 Sufcient Conditions for Constant Elasticity
In the previous chapter, we saw that the Black–Scholes model holds for contingent claims on a lognormally distributed
asset, if and only if the asset-specific pricing kernel, ψ(xj), has constant elasticity with repect to xj, the price of the
underlying asset. We also saw in the previous chapter that a sufficient condition for this to be the case was that the
asset and the pricing kernel, φ(xm) were joint-lognormally distributed. In this section, we investigate further sufficient
conditions for constant elasticity of ψ(xj).

4.1.1 Asset Price Follows a Geometric Brownian Motion
There is a close connection between assuming that an asset follows a specific process over the period t to t + T and
assuming a property of the pricing kernel. This is true both for the individual asset xj and the asset-specific pricing
kernel, ψ(xj) and for the aggregate cash flow xm and the pricing kernel, φ(xm). In the following, we assume a process for
xm and illustrate its implication for φ(xm).

The standard proof of the Black–Scholes RNVR assumes that the asset price follows a geometric Brownian motion in
continuous time. Here we assume that the forward price of xm, Ft,t+T(xm) follows a similar process. First, note that a
geometric Brownian motion is the limit of a log-binomial process as the number of binomial stages increases. Now,
assume that the forward price, Ft,t+T(xm), follows a log-binomial process with (writing Ft for Ft,t+T(xm))

Over any sub-period we must have the state prices q which satisfy:

which implies
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The pricing kernel over one sub-period is

Over two sub-periods, the pricing kernel is

Hence lnφuu = 2ln(q/p) with probability p2 and so on, which is a log-binomial process. Hence, if xm,t is log-binomial,
φ(xm) is log-binomial. In the limit, if Ft follows a lognormal process, i.e., a geometric Brownian motion, then φ(xm) is
lognormal. Hence, a sufficient condition for φ(xm) to be lognormal is that the forward price, Ft follows a geometric
Brownian motion. Finally, if φ(xm) and xm are lognormal and perfectly correlated, we can write

and hence

i.e., the pricing kernel has constant elasticity.

4.1.2 Lognormal Wealth and Power Utility
The result above provides an important link between the option pricing theory presented in Chapter 3, where
conditions were assumed to hold for the pricing kernel, and the conventional treatment, where the underlying asset
price is assumed to follow a continuous process. Since, assuming that xj is lognormal, the Black–Scholes RNVR holds
if and only if the ψ(xj) is lognormal, and since from option pricing theory we know that it holds when the asset price
follows a geometric Brownian motion, then clearly this latter assumption must imply a lognormal ψ(xj). Applying
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a similar argument to the asset-specific pricing kernel, leads to exactly this conclusion.

However, the Black–Scholes RNVR does not require the asset to follow a geometric Brownian motion from t to t + T.
This is clear from the following alternative sufficient conditions for a lognormal asset-specific pricing kernel. Assume,
as in Section 1.6, an equilibrium model, where a representative investor has a utility function u(xm) for wealth at time t
+ T. Suppose that xm has a lognormal distribution and u(xm) is a power function, i.e., the utility function has the
constant relative risk averse property. In this case marginal utility is

(4.1)
which is lognormal, since xm is lognormal. Hence, it follows directly that the pricing kernel φ(xm) is lognormal. From
the results in Chapter 3 we know that this also implies a lognormal asset-specific pricing kernel, ψ(xj). Hence, if
aggregate wealth has a lognormal distribution and , then the asset-specific pricing kernel, ψ(xj), is lognormal.
Notice here that we have not assumed that the forward price of xj follows a Brownian motion.

This sufficient condition for the Black–Scholes RNVR is clearly a strong one. Both lognormality of wealth and
constant proportional risk aversion (CPRA) were assumed. However, work by Camara (2003) has shown that a much
weaker condition is sufficient. Actually, all that is required in this economy is that the marginal utility function of the
representative investor is lognormal. To show this, we now assume that a monotonic function of aggregate wealth,
f(xm), is normally distributed and the marginal utility is exponential, i.e., u′(xm) = eγf(xm).

From

given that f(xm) ∼ N(μm, σm), ln u′(xm) has a normal distribution

N(γμm, γσm), and

(4.2)
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Given that

substitute results in (4.1) and (4.2) to obtain

Since ln u′(xm) is normal, this means u′(xm) and hence φ(xm) are lognormal.

Hence, if a monotonic function of aggregate wealth, f(xm) has a normal distribution, and marginal utility is exponential,
u′(xm) = eγf(xm), then the pricing kernel has the following expression:

That is, the pricing kernel is lognormal. It follows then from the result in Section 3.6 that if xj is lognormal, the asset-
specific pricing kernel will have the property of constant elasticity.

For example, with f(xm) = xm and xm is normally distributed, we get a lognormal pricing kernel if marginal utility is
exponential. This is the case in Brennan's (1979) model. Alternatively, with f(xm) = ln xm, and power utility we get the
the Black–Scholes model.

4.2 RNVR on Non-Lognormal Prices
So far, in Chapter 3 and in this chapter, we have concentrated on the case where the underlying asset on which the
option is written is lognormally distributed. We now generalise the analysis to assets whose distributions are
transformed normal.

4.2.1 The Transformed Normal Distribution
An asset price is transformed normal, if a monotonic function, h(xj) of the price is normal. For example, a lognormal
price is transformed normal, where h(xj) = ln xj. In this case the function is the logarithmic function. Another example
is the case where h(xj) = ln(xj + a) is normal. In this case, a is a threshold level and the price is a shifted lognormal. In
this case Camara (2003) has shown that a RNVR can exist. Another important example is where h(xj) = xj, where the
price is normal. In this
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case Brennan (1979) has shown that a RNVR exists. These are examples, we now consider the general case.

Formally, a random variable y has a transformed normal distribution if h(y) ∼ N(μ, σ) and h(y) is a strictly monotonic
increasing differentiable function. The PDF of y is:22

(4.3)

4.2.2 The Asset-specic Pricing Kernel
We first establish the asset-specific pricing kernel for the case where the price xj has a transformed normal distribution.
First, recall that φ(xm) depends on the marginal utility of a representative investor. We now assume that the pricing
kernel φ(xm) is lognormal and the asset price has a transformed normal distribution, h(xj) ∼ N(μ, σ). Since ln φ(xm) and
h(xj) are normal variables, the regression

is linear with

Also,

and

Hence, the asset-specific pricing kernel is

(4.4)
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since

4.2.3 The Price of Contingent Claims
We can now proceed to price contingent claims on assets with transformed normal prices. From no-arbitrage, the
forward price of a claim paying g(x) at time t + T is

Substituting the density function of xj from (4.3) and the expression for ψ(xj) from equation (4.4) we have

and hence, completing the square, this can be written as23

(4.5)
Equation (4.5) contains the unknown parameters μ and σφ,x. However, as in the lognormal case, these can be solved
using a similar equation for the forward price of the underlying asset:

We now illustrate the general method using the example of a normally distributed cash flow.

4.2.4 Pricing Options on a Normally Distributed Asset Price
Here we assume that the transformation function h(xj) = xj. This case, where xj is normal may be useful for pricing
options on portfolios of assets, or options on physical quantities, such as corporate
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profits. The example was first derived by Brennan (1979) and was used by Stapleton (1980) to investigate the impact of
mergers on debt capacity.24

In this case, h′(xj) = 1 and we have from equation (4.5)

where μ is the expectation of xj and σφ,x is the covariance of xj with lnφ. The forward price of the asset itself is given by

(4.6)
However, from Chapter 1, we know that in this case

and substituting in (4.4) we have

(4.7)

This is a RNVR which holds in the case of a normally distributed asset, given that the pricing kernel, φ(xm) is
lognormal. We now use the RNVR to price a call option on xj. We apply the following result for a truncated normal
distribution, which is proved in the appendix at the end of this chapter:

Applying this for a call option with strike price k, we have
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The Brennan (normal distribution) model above and the Black–Scholes (lognormal distribution) model are just two
examples of the general result in Camara (2003) for any xj where the transformation h(xj) is normal. A further case,
mentioned above, is where, for some constant a, h(xj) = ln(xj + a) is normal. This leads to the ‘shifted lognormal’ or
‘displaced diffusion’ model of Rubinstein (1983). We leave analysis of this example as an exercise.

4.3 A Generalisation of the RNVR: Missing Parameters in the Option
Pricing Function
The idea of the RNVR is central to option pricing theory. However, if the asset-specific pricing kernel does not have
constant elasticity, then such relationships will not hold for the pricing of options on lognormally distributed assets. In
order to price options when a RNVR does not exist, we might require some alternative method. Heston (1993)
generalises the idea of the RNVR in the following direction. He asks the question: when are there missing parameters
in the pricing relationship between the option price and the underlying asset price? The idea comes directly from the
Black–Scholes RNVR. In the Black–Scholes case, the risk aversion parameter is missing. In this section, we look at
Heston's generalisation, and consider whether this can be used to price options where a RNVR does not exist.

Heston considers a class of probability distributions of the general form:

(4.8)
where θ is a distribution parameter and H, G, and C are known functions. In order to explain this decomposition of
the PDF, we take as an example the case where f(xj) is lognormal as assumed in Chapter 3. We employ the same
notation, with E(ln xj) = μx, and . In this case,

(4.9)
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which can be written:

However, the class of probability distributions defined by (4.8) is quite broad and as Heston states: ‘equation (4.8)
leaves considerable flexibility in the specification of the probability density’. Heston, for example, works with examples
from the family of gamma distributions.25

We now consider asset-specific pricing kernels of the general form:

(4.10)
where E[ψ(xj, γ)] = 1. As an example of the class, let

Then

(4.11)
This is the form of the pricing kernel assumed in the proof of the Black–Scholes model in Chapter 3. It has constant
elasticity and is consistent with the representative investor having a power utility function. However, (4.10) defines a
quite broad set of forward pricing kernels.

We now analyse the risk-adjusted probability distribution function:

(4.12)
If f(xj) is given by equation (4.8) and the pricing kernel is given by equation (4.10), then the risk-adjusted probability
density is

(4.13)
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Equation (4.13) gives rise to what Heston terms a ‘missing-parameters’ valuation relationship. Option prices depend
upon the sum, γ + θ, but not on the individual values of the parameters. To see this, first note that

This follows from the fact that

since the sum of the risk-adjusted probabilities must equal 1. Similarly, we must have

Then, the above equation follows.26 The forward price of the underlying asset is therefore given by

(4.14)
Equation (4.14) can be solved for the sum θ + γ and this can then be used to evaluate the option price:

(4.15)
The resulting option price is a missing-parameters relationship, since neither the distribution parameter, θ, nor the
pricing kernel parameter, γ, enter the option pricing relationship. Writing θ + γ = m[F(xj)] as the solution of equation
(4.14), the forward price of the option F[g(xj)] in (4.15) becomes(4.16)
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Equation (4.16) is referred to by Heston as a missing-parameters relationship. Notice however, that the option
valuation depends upon both B(xj) and G(xj). The function G(xj), which comes from the decomposition of the
probability distribution function, we may assume is known. For example, if xj is lognormal, G(xj) only requires an
estimate of the volatility parameter, σx. However, B(xj) is in general problematic and dependent on unknown additional
parameters of the pricing kernel. Unless these can be estimated, equation (4.16) does not provide a solution to the
pricing problem. Although Heston's conditions mean that one of the preference parameters is irrelevant for pricing,
this is not in general sufficient. This highlights the difference between a RNVR and Heston's generalisation. In the case
of the former, B(xj) = 1, and a complete pricing solution exists. In the case of the latter, other parameter estimates are
required.27

4.4 Contingent Claim Pricing given Non-constant Elasticity of the
Pricing Kernel
The conditions for a PPFVR established by Heston (1993) suggests that the occurence of RNVR for the valuation of
contingent claims is likely to be rare. For example, suppose we are interested in valuing a call option on a lognormally
distributed asset. Then in Heston's treatment the function k(x) is k(x) = ln x, and a RNVR exists only if the asset-
specific pricing kernel has the form:

Only in this case can γ be irrelevant for the option valuation. This motivates the current section where we look to price
claims in those economies where RNVR do not exist.

Now we generalize to the case where the asset-specific pricing kernel has a quite general form. From here onwards, we
write xj as x. Consider the set of pricing kernels, ψh, such that

is a constant. This is the set of all possible pricing kernels that price the underlying asset correctly. Since many possible
shapes of pricing kernel are possible under this condition, each pricing kernel could lead to a different option price.
Franke, Stapleton,

68 VALUATION OF CONTINGENT CLAIMS: EXTENSIONS

27 This question is considered in Franke et al. (2003).



and Subrahmanyam (1999) (FSS) first show that if the elasticity of the pricing kernels decline monotonically, then there
will be two intersections of any two pricing kernels. They then show that if a pricing kernel, ψ1, has constant elasticity
(as in the case of Black and Scholes), and another ψ2 has declining elasticity, option prices will be higher under ψ2 than
under ψ1. The results in FSS are shown now in Lemmas 2 and 3.

First, we establish the following lemma regarding possible firm-specific pricing kernels.

Lemma 2 FSS (1999, Lemma 4)Suppose that ψ1, ψ2 ∈ { ψ:E(xψ) = F*}, where ψ1 has constant elasticity, ψ2 has elasticity that
declines monotonically, and both pricing kernels decline monotonically, then ψ1 and ψ2 intersect twice.

The lemma states that if two pricing kernels yield the same forward price for an asset, then they must intersect twice.
This is of crucial importance for option pricing, because we are interested in the possible option prices that could exist
given the forward price of the asset. Different option prices are possible, given the asset forward price, because different
shapes of the pricing kernel are possible.

The proof follows by contradiction. First, there must be at least one intersection. If there were no intersection, one
pricing kernel lies above the other, implying thatE(ψ1) ≠ E(ψ2), which contradicts the requirement that E(ψh) = 1 for all
h. Second, let there be only one intersection at x = k, as in Fig. 4.1. Consider the forward price of x. Under ψ1, F =
E[xψ1], and under ψ2, F = E[xψ2]. By assumption, we must have

(4.17)

Now define x+ = max[x − k, 0] and x− = −max[x−k, 0]. Here, x+ is the payoff on a call option with strike price k, x−
is the payoff on a short put option with strike price k. Hence, x = k + x+ + x− The forward price of x under ψ1 is
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and under ψ2 it is

FIG. 4.1. One intersection of pricing kernels

The difference between the forward prices is

But

since ψ1 > ψ2, for x > k and

since ψ1 < ψ2, for x < k, lead to E(xψ1) − E(xψ2) > 0 and the two forward prices cannot be the same. Hence, the case
of one intersection contradicts (4.17). Third, if there are no intersections, E[xψ1] ≠ E[xψ2], unless ψ1 = ψ2, for all x,
which is the trivial case. Hence the case of no intersections is not possible. Finally, suppose there are three or more
intersections, as in Fig. 4.2, then
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FIG. 4.2. The pricing kernels with multiple intersections

the second derivative of ψ1 switches sign from −, +, to −, and the elasticity of ψ1 is not monotonic.

Using this result, FSS then establish that the following lemma.

Lemma 3 FSS (1999, Theorem 1)Assume that ψ1 has constant elasticity η1 and that ψ2 has declining elasticity η2, ∂η2/∂x < 0,
where ψ1 and ψ2 both yield the same forward price of the risky asset. Then all options have higher prices under ψ2 than under ψ1.

We will prove the result by referring to the case illustrated in Fig. 4.3. In this case, ψ2 > ψ1 for x < k1 and x > k2 for
crossover points k1 and k2, and any call option with strike price k ≥ k2 has a higher price under ψ2 than under ψ1. By
put-call parity any put option at k ≥ k2 also has a higher price under ψ2 since the forward price is the same under both
pricing kernels. By a similar argument, put and call options with k ≤ k1 also have higher prices under ψ2.

Now consider a call option at k3, with k1 < k3 < k2. In Fig. 4.4, its payoff is ok3bc. Take a payoff on a linear contract (-a)
k1bd. This payoff has the same forward price under ψ1 and ψ2. The call option payoff is equal to (-a) k1bd + ok1a−k1k3b
+ cbd. The payoffs ok1a and cbd have higher prices under ψ2 than under ψ1 and k1k3b is lower under ψ2. Hence the call
option has a higher price under
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FIG. 4.3. The pricing kernel: two intersections

FIG. 4.4. Excess pricing of options

ψ2. By put-call parity it follows that all put options with strike prices k also have higher prices under ψ2 than under ψ1.
Hence, all put and call prices are higher under ψ2 than under ψ1.

The following important implication is the main result of FSS. If x is lognormal and ψ2 is the true pricing kernel,
Black–Scholes underprices all options on x.
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4.4.1 Bounds on Option Prices
Assume that xj is lognormal. If the asset-specific pricing kernel, ψ(xj), has constant elasticity, we have shown previously
that options are priced using the Black–Scholes RNVR. However, if it does not have constant elasticity, option prices
may be larger or smaller than Black–Scholes prices.

For practical reasons, we may wish to know: what are the maximum and minimum option prices, given the price of the
underlying asset? Or, what are the bounds on option prices? Early work by Merton (1973) discussed rational bounds
on option prices, but these bounds are quite wide.28 Recently, Bernado and Ledoit (2000) have re-visited this issue and
their work is closely related to the above analysis given in the work of FSS (1999). Since, from FSS, prices are higher
under declining elasticity, then if we could bound the rate of decline (or rate of increase) of elasticity, then we could
bound option prices. This is the idea behind the expected gain-loss ratio used by Bernado and Ledoit (2000).

Bernado and Ledoit consider the set of pricing kernels psih, h = 1,2,… which price the underlying asset correctly, i.e.
give the correct asset forward price. They compare these pricing kernels to a benchmark kernel, which could be, for
example the constant elasticity pricing kernel, which is consistent with Black–Scholes pricing. They measure the
deviation of any pricing kernel from the benchmark by the ratio of the maximum deviation (over all xj) to the
minimum deviation. They then show that the minimum of these ratios over all possible pricing kernels produces the
maximum deviation from the Black–Scholes prices. This allows them to compute a bound for option prices. The result
follows directly from FSS, since the greater the rate of decline in elasticity of the pricing kernel, the greater must be the
deviation from the Black–Scholes price. Note, however, in Bernado and Ledoit (2000), the benchmark pricing kernel
need not necessarily be the constant elasticity kernel. Hence, the analysis applies more generally than just to the
Black–Scholes case.

The main contribution of Bernado and Ledoit (2000) is to show that a restriction on expected gain–loss ratios is
equivalent to
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a restriction on pricing kernels. The expected gain–loss ratio is defined as follows. Suppose the pricing kernel for asset j
is ψ(xj) and is determined by a representative investor with declining proportional risk aversion (DPRA). Suppose now
that an investor has a utility function which exhibits CPRA. There will exist zero-cost portfolios of state-contingent
claims that appear ‘cheap’ to this investor, when priced using his personal CPRA utility function. The expected risk-
adjusted gains, divided by the expected risk-adjusted losses from this strategy define the expected gain-loss ratio. The
extent of these gains depends on the ratio of the market DPRA pricing kernel to the individual's CPRA pricing
function.

The idea behind the use of expected gain–loss ratios is that a cap or maximum on gain–loss ratios is somehow
reasonable. For example, if a CPRA investor would not expect to see expected gain–loss ratios above L*, then this
limits the DPRA of the pricing kernels that are possible in the market. This restriction in turn bound the option prices.

4.5 Conclusions
In this chapter, we have considered various conditions that lead to the Black–Scholes model and a number of
alternative contingent claim pricing models. We have worked within a single-period model and considered the pricing
only of European-style contingent claims. Readers interested in the pricing of options in continuous-time models and
the pricing of American-style claims could begin by referring to Hull (2003). A large literature on contingent claims
pricing based on continuous-time stochastic processes now exists and a possible starting point for reading is the work
of Cox and Rubinstein (1985) and Bjork (2004).

4.6 Appendix

The Mean of a Truncated Normal Variable
Suppose that a cash flow x is normally distributed. If x is normal (μ, σ):

Let N[·] be the standard normal cumulative distribution function. This is the probability, under the normal
distribution, that x > a.
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The mean of the truncated distribution is given by:

Applying a change of variables, with y = (x − μ)/{σ}, we have
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Exercises
4.1.Assume that wt+T has a shifted lognormal, i.e. wt + T − k is lognormal. Find a utility function such that φ(wt+T) is

lognormal.

4.2.Given that

show that

and hence establish equation (4.6) by completing the square.

4.3.Rubinstein (1983), Displaced Diffusion Model: Given

where α is a constant and h(x) ∼ N(μx, σx)(a) Prove that

(b) Use the result to derive the pricing formula for a European-style call option.

4.4.From Fig. 4.3 it is clear that all put options with strike prices k < k1 are worth more under the pricing kernel ψ2
than under ψ1. Is it also true that all call options with similar strike prices are worth more under the pricing kernel
ψ2 than under ψ1 and why?

4.5.Assume that the representative investor has power utility, but is subject to an independent background risk with
positive volatility. Show that the price of an at-the-money option on lognormal market wealth is worth more than
its Black–Scholes value.
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5
MULTI-PERIOD ASSET PRICING

In this chapter, we extend the analysis of asset prices to a multi-period economy. There are two principal differences
from the single-period models presented in Chapter 1. First, the asset to be valued produces cash flows at a series of
dates indexed by t + 1,t + 2,…,t + n. Second, the representative investor has utility for consumption at a series of
dates, again indexed by t + 1,t + 2,…,t + n. In a single-period economy, all wealth arising at the end of the period has
to be consumed. However, in a multi-period economy, an investor has to make consumption decisions in each period.
There may be a difference in this case between consumption and wealth.

We consider two distinct approaches to multi-period valuation. The first approach, termed the time-state preference
approach, treats consumption at different times and in different states as separate assets and derives an equilibrium in a
complete market for time-state claims. The second approach derives a period-by-period equilibrium where investors
form expectations of the price of securities. This is known as the rational expectations approach.

Throughout this chapter we will assume that the risk-free rate of interest is given exogenously. We are therefore valuing
assets relative to the value of bonds. We assume that investors can trade in zero-coupon bonds which pay $1 at times t
+ 1, t + 2,…,t + n. However, in the multi-period model, the prices of these bonds at future points in time can be
stochastic.

5.1 Basic Setup
1. We assume again that markets are complete and that there is a finite state space. In the multi-period model, this

implies that investors can purchase claims that pay $1 if and only if a given state occurs at a given point in time.

2. As an illustrative example, we assume there are just two periods; period t to t + 1 and period t + 1 to t + 2. In this
case there are three points in time, labeled t, t + 1, and t + 2.



3. We wish to value a stock j, which pays dividends xj,t + 1 at time t + 1 and xj,t+2 at time t + 2.

4. There are i = 1,2,…,I states at time t + 1 and there are k = 1,2,…,K states at time t + 2. The state k that can occur at
t + 2 depends on the state i which occurs at t + 1. For example, we may have a situation where k takes the value 1
and 2 when i = 1, whereas i = 2 leads to k = 3, etc. The general scheme is illustrated below:

5. Let {pi}, {pk} be the sets of unconditional probabilities of state i and state k.

5.2 A Complete Market: The Multi-period Case
In the multi-period case, we assume that investors can buy claims at time t on states at time t + 1 and t + 2. In addition,
investors can buy claims at time t + 1 on states at time t + 2. As in Chapter 1, these claims pay out $1, if and only if the
state occurs. This assumption is illustrated in Fig. 5.1. In Fig. 5.1(a), we show the forward prices, qi, of a claim paying
$1 in state i at time t + 1, and the conditional forward price, qi,k, at time t + 1 in state i of a claim paying $1 in state k at
time t + 2. Note that the conditional probabilities for states i and k to occur are pi and pi,k respectively. In addition, we
assume that we know, at time t + 1, the price of a zero-coupon bond paying $1 in every possible state at time t + 2.
These prices are denoted Bt + 1,t + 2,i. These zero-coupon bond prices are stochastic at time t and are denoted as

.

In Fig. 5.1(b), we show the forward price, at time t of purchasing a claim paying $1 in state k at time t + 2. Note that
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FIG. 5.1. Period-by-period valuation

this forward price, payable at time t + 2, is denoted qk. Also, pk is the unconditional probability of state k.

At this point, it is useful to introduce a notation for the spot price of a state-contingent claim. Let q* be the spot price
of a state-contingent claim. We then have

These definitions are illustrated in Fig. 5.2.
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FIG. 5.2. Spot prices of state claims

Now consider the spot price of a state-contingent claim paying $1 if and only if state k occurs at time t + 2. It is
immediately apparent that

This price relationship holds because it is possible in this complete market to buy a claim on state k in two ways. First,
the investor can directly buy a claim costing q*k at time t. Second, the investor could buy q*i,k claims on state i and use
them to purchase a claim on $1 in state k. The cost of this strategy is q*iq*i,k. The equality then follows. Hence,
equivalently we can write the following relationship between the forward prices of the claims:

(5.1)

The importance of this relationship is that it implies that the valuation of a cash flow xt+ 2 using the unconditional state
prices, qk, must be the same as that which results from a period-by-period valuation using the qi and the qi,k. We
illustrate this conclusion in the following section.

5.3 Pricing Multi-period Cash Flows
In this section, we value cash flows arising at time t + T; xj,t+T. We price the cash flows, first of all using the
unconditional state prices. This approach has traditionally been known as the time-state preference approach, as the
unconditional state prices reflect investors preferences for consumption in different states at different times. We then
show the alternative pricing from the equivalent period-by-period valuation approach. This approach is generally
referred to as the rational expectations approach.

5.3.1 The Time-State Preference Approach
We proceed along the lines followed in Chapter 1. We start with a case where T = 1,2. First, as illustrated above, qi is
the forward price of $1 paid if and only if state i occurs at t + 1. Also qk is the forward price of $1 paid if and only if
state k occurs at t + 2. Note that the qi are forward prices for delivery at time t + 1, while the qk are forward prices for
delivery at time t + 2.
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As in Chapter 1, we have Σ qi = 1 and Σ qk = 1 and also the conditions:

hold. It follows that {qi}, {qk} are each equivalent probability measures to {pi}, {pk}.
29

From the complete markets assumption and the Law of One Price, the forward prices of the uncertain cash flows
xj,t + 1, for delivery at t + 1, and of xj,t + 2, for delivery at t + 2, are

The value at time t of an asset that pays xj,t + 1 at t + 1 and xj,t + 2 at t + 2, is then given by, using spot-forward parity,

(5.2)

(5.3)
where Bt,t+T is the price of a T-maturity zero-coupon bond at time t. As in Chapter 1, the ‘forward’ pricing kernels in
the two-period case may be defined as theprobability deflated state forward prices:

and in this setup, the forward prices are:

and the value of the cash flows is
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The valuation equation (5.3) has an obvious generalisation to the case where there are n periods' cash flows, as follows.
Given the zero-coupon bond prices, Bt,t+T, T = 1,2,…,n, we have the value of an asset with cash flows
xj,t+1,xj,t+2,…,xj,t+n:

(5.4)
where

or

(5.5)

However, as in the single-period case, until we specify further the properties of φt,t+T, the asset valuation equation is
little more than a necessary condition for prices to satisfy in a complete market model.

5.3.2 The Rational Expectations Model
We now derive prices using a period-by-period approach, where agent's form expectations of t + t prices, by ‘solving
the model’ for time t + t prices. This is known as the rational expectations approach. As an example of the general
case, we first price the cash flow of firm j which arises at time t + 2, denoted xj,t+2.

We start by pricing the cash flow, xj,t+2, at time t + 1, in state i. From the complete markets assumption, this is given by

(5.6)
where the qi,k are the conditional state forward prices. We now define the period-by-period, or conditional, pricing
kernel by the relationship
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As in the single-period case these are the probability deflated state forward prices. Using this definition we can rewrite
equation (5.6):

(5.7)
where the notation Et+1,i means the expected value at time t + 1, in state i.

We now value the cash flow xj,t+2 at time t, assuming that investors expectations of the price of the cash flow are given
by equation (5.7). We have, again using the complete markets assumption:

(5.8)

Equation (5.8) says that the value of a cash flow is the discounted expectation at time t of a further discounted
expectation taken at time t + 1. Here again we emphasise the fact that the zero-coupon bond price at time t + 1 is a
stochastic variable.

The analysis now extends in a fairly straightforward manner to the valuation of a cash flow arising at time t + T and
then to multiple cash flows. The spot value of xj,t+T is given by:

where φτ,τ+1 is the period-by-period pricing kernel.

Now we find the spot value of a firm j that produces a stream of cash flows

We denote the spot value of all the cash flows subsequent to time t + τ as Sj,t+τ. Again for simplicity, we first take the
case where n = 2. First, from equation (5.7), the value of xj,t+2 at time t + 1
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is given by

Now, since investors receive the cash flow, xj,t+1, as well as the value of xj,t+2, their total payoff at t + 1 in state i is Sj,t+1,i
+ xj,t+1,i. Therefore, valuing this payoff at time t using the pricing kernel φt,t+1 yields

Substituting the value of Sj,t+1 from (5.7), we then have

In general, the value of T = n cash flows is given by

(5.9)

5.3.3 The Relationship between the Time-State Preference and the Rational
Expectations Equilibria Prices
The prices of the cash flows in equation (5.5) from the time-state preference approach and in equation (5.9) from the
rational expectations approach are actually the same. The two approaches are just different ways of valuing the cash
flows. In equation (5.5), the cash flows are valued using forward prices and long-bond prices. In equation (5.9) the cash
flows are valued using the conditional pricing kernels and the stochastic one-period zero-coupon bond prices.

In order to illustrate this, we return to the relationship between the state forward prices in equation (5.1). We have:
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This relationship can be re-written in terms of the pricing kernels as follows:

It then follows that for the single cash flow, xj,t+2,

and the left-hand side of the equation can be written as

Hence, the values of the cash flow xj,t+2 are the same under the two approaches. We will see in the following chapter
that the time-state preference approach to valuation is particularly useful when computing forward prices. In contrast,
the rational expectations approach is more convenient when computing futures prices.

5.3.4 The Relationship between the Pricing Kernels when Interest Rates are
Non-stochastic
We now impose the further restriction that future interest rates are known at time t. The relationship between the
pricing kernels in the time-state preference and in the rational expectations approach is particularly simple if interest
rates, and hence zero-coupon bond prices, are non-stochastic. As an example, consider the two-period case. As above,
the cost of purchasing a claim on a state k is Bt,t+2qk. Alternatively, the claim could be secured by first purchasing a
claim on a state i at time 1 and then using this to buy a claim on state k. The cost of this strategy is Bt,t+1qiBt+1,t+2qi,k. We
must then have:

since both strategies result in the same payoff, i.e., $1 in state k at time 2. Now, dividing both sides by the probability of
state k occuring
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and hence

But since in this case, Bt,t+2 = Bt,t+1Bt+1,t+2, we have

(5.10)

The forward price of obtaining $1 in state k is the same as the price paid if two sucessive forward contracts are made.
Equation (5.10) will be important when considering values in the two approaches. Generalising (5.10), we have

This equation gives some intuition for the pricing under the two approaches. If interest rates are non-stochastic, the
pricing kernel over any long time period, from t to T, is the product of the pricing kernels over the successive short
periods from t to t + 1, t + 1 to t + 2 and so on. However, when interest rates are stochastic, this simple product
relationship will not hold.

5.4 Multi-Period Valuation Equilibrium: Joint-Normal Cash Flows
In this section, we follow the methodology used in Chapter 1 and evaluate the covariance terms in the valuation
equation of the rational expectations approach.30 We pursue the rational expectations rather than the alternative time-
state preference approach, because it is possible under this approach to price a series of cash flows, using an extension
to the multi-period economy of the single-period CAPM.

To illustrate the valuation, we again consider a two-period example, where there are three dates, t, t + 1, and t + 2.
There is only one cash flow from firm j that arises at time t + 2, and is denoted as xj,t+2. When we refer to the aggregate
cash flow at time t + 2 of all the firms we use xm,t+2. We assume that the aggregate cash flow of all the firms at time t +
1 is xm,t+1. We let Sj,t+1 and Sm,t+1 be the values at t + 1 of the firm j and of the market, respectively. Note that the value
Sm,t+1 includes the cash flow xm,t+1 as well as the time t + 1 value of xm,t+2.
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Under the rational expectations approach, the value of the cash flow at time t is

Alternatively, this pricing equation can be written as

where

Note that all the variables in this latter equation are conditional on state i at time t + 1. Now, using the definition of
covariance and the property that Et+1(φt+1,t+2) = 1, for all i, we have

Following the same logic as in Chapter 1, we now write the period 2 conditional pricing kernel:

Now, again following the argument in Chapter 1, if the cash flow xj,t+2 and the aggregate market cash flow are joint-
normal, then Stein's lemma (see appendix at the end of the book) allows us to write

and defining the market price of risk, λt+1,i = −Et+1,i(φ′t + 1,t+2,i) we have the CAPM relationship:

(5.11)

It is not surprising that the single-period CAPM holds, in equation (5.11) over the second period, since we have in
effect assumed a one-period world, with normally distributed cash flows from time t + 1 to time t + 2. Stein's lemma
and the assumption that the pricing kernel is a function of xm,t+2 is then sufficient to establish the CAPM.

We now consider the pricing of xj,t+2 over the first period. First, it is important to note that the value of the cash flow in
state i, Sj,t+1,i, depends on four variables, each of which could be state dependent. However, given joint-normality of
xj,t+2 and xm,t+2,
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the covariance term covt+1,i(xm,t+2,xj,t+2) is non-stochastic.
31 If we assume that λt+1,i, the market price of risk, is also non-

stochastic, then the risk adjustment term in (5.11) is non-stochastic and since normality of xj,t+2 guarantees that
Et+1(xt+2) is also normal, then the forward price of the cash flow at time t + 1 is also normal. However, in order to
price the cash flow at time t, using the methods of chapter 1, we require the value Sj,t+1 to be normally distributed. This
will be the case if, in addition, the bond price Bt+1,t+2 is non-stochastic. In the following derivation we make this
additional assumption.

Under the rational expectations approach, the value of the cash flow xj,t+2 at time t, is given by

Given the additional assumptions made above, Sj,t+1 is normally distributed. Now consider the purchase of claims at t
on the value of the cash flow at t + 1, Sj,t+1. We now assume that the pricing kernel φt,t+1 = φt,t+1(Sm,t+1), where Sm,t+1 is the
value of the market portfolio at time t + 1, including cash flows arising at time t + 1. The assumptions above are
sufficient for the prices Sj,t+1 and Sm,t+1 to be joint-normally distributed. It then follows, again from Stein's lemma that

Hence, a CAPM relationship holds over the first period and the value of the cash flow is given by:

where

It is interesting to note that the conditions required for the CAPM to hold on a period-by-period basis are much
stronger than in the case of the previous time-state preference equilibrium. The assumption that λt+1 is non-stochastic
is a very strong assumption. In Sections 5.5 and 5.6 we derive an equilibrium where this condition holds, but the result
requires a utility function with CARA,
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as well as normality of the cash flows. Also, the assumption that interest rates are non-stochastic obviously flies in the
face of reality. Various extensions to the CAPM have been suggested to cope with the more general case where the
market price of risk or interest rates are stochastic.32

Finally, in this section, for completeness we state the general case, where the asset to be priced produces a cash flow,
xj,t+n, at time t + n. Again we assume that bond prices and market prices of risk are non-stochastic. We then have

(5.12)
where

5.5 Time-State Preference: Pricing Kernels in a Multi-period
Equilibrium
In this section, we derive an equilibrium in which the representative investor's marginal utility function provides an
example of the pricing kernels required for the complete markets multi-period model. The model assumes that the
investor has a time-separable utility function for consumption in each period.33 We present a two-period example in
which we derive the pricing kernels φt,t+1 and φt,t+2 in a time-state preference equilibrium.

Let ct+T be the consumption of the representative agent at time t + T. Now we assume time additive utility, where
u(ct+1,ct+2) = u1(ct+1) + u2(ct+2), such that u2 is not dependent on ct+1.
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The agent's problem is to maximise:

where wt is the agent's wealth at time t. We solve the optimisation problem using the Lagrange multiplier method.
Form the Lagrangian:

The first-order conditions are:

(5.13)

Taking the expectation and adding up over the states, we have

(5.14)

since ∑ qi = 1. Similarly,
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Now, substitute the value for λ into (5.13) and (5.14), and we get

and

As in the one-period model in Chapter 1, the pricing kernels φt,t+1 and φt,t+2 are related here to the marginal utilities of
consumption in the two periods. Further, using the Law of One Price and the definition of covariance, the forward
prices of cash flows xj,t+1 and xj,t+2 are given by

(5.15)

(5.16)
given that Et(φt,t+1) = Et(φ t,t+2) = 1. Now, if we substitute the marginal utilities in φt,t+1, then assume that (xj,t+1,ct+1) are
joint-normal applying Stein's lemma (see appendix at the end of the book) we find

(5.17)
where λt,t+1 is some constant. Similarly, if (xj,t+2,ct+2) are joint-normal, again applying Stein's lemma yields

(5.18)

Now, if we substitute (5.17) and (5.18) into the forward price equations, (5.15) and (5.16), and then substitute into the
spot
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price equation (5.2). We have

(5.19)
where ct+1 and ct+2 are the consumption levels of the representative agent. Equation (5.19) is a form of CAPM, often
referred to as the ‘consumption CAPM’. Note that there is no interaction between the first and the second periods in
this model. As one can see from the derivation, it is very much like working out the single-period model twice with two
separate time periods. Also, the analysis had not as yet solved for the optimal consumption level. Sometimes, the
model is closed, somewhat artificially, by assuming that aggregate consumption has to be equal to some exogenous
cash flow supply, xm,t+T. We now move on to solve a model where consumption levels are derived within the model.

5.6 Marginal Utility of Consumption and Wealth in a Normal
Distribution and Exponential Utility Model
In the previous section we priced cash flows within the framework of a multi-period CAPM. However, the price of
risk depends there on the marginal utility of consumption in each period. In an important sense, therefore, the model
is incomplete, since consumption levels still need to be determined in the multi-period world. In this section we solve
for consumption and show that the market price of risk can be re-expressed in terms of the marginal utility of wealth.

Given exponential utility and joint-normality of the cash flows, it turns out that the market price of risk is non-
stochastic, as it was assumed in Section 5.4. We also assume non-stochastic interest rates, which once again, as in
Section 5.4, leads to the one-period CAPM holding on a period-by-period basis.

We assume a particular form for the utility functions u1 and u2, and solve explicitly for consumption, ct+1, as a function
of wealth, wt+1. We assume an additive exponential utility function for the representative investor, as shown below:
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Here the constant ρ can be interpreted as a discount or impatience factor for delayed consumption. We assume also
that the investor can reinvest at a gross risk-free rate R at time t + 1, where R = 1/Bt+1,t+2. We assume also that R is
non-stochastic. Then the optimisation problem is one that solves the consume versus save decision at time t + 1 such
that utility at that point in time is maximized, i.e.,

(5.20)

In equation (5.20), the utility of wealth, u(wt+1), is the (maximum) derived utility of consumption, given the wealth level.

In this optimisation, the investor chooses to consume ct+1 and invest (wt+1 − ct+1). The return on investment is risk free
and the investor gets to consume (wt+1 − ct+1) R at time t + 2. The analysis extends fairly easily to the case where
reinvestment is in a single, risky asset.34

Differentiating (5.20), yields the first-order condition:

Cancelling out a and taking the logarithm of both sides gives

(5.21)
where k is a constant. Note that R is 1 plus the risk-free rate, so the amount R/1+R is quite close to½. So roughly, the
investor consumes half of the wealth in year 1. Previously, from the first-order conditions in the time-state preference
equilibrium, we found that
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Hence, substituting the linear wealth–consumption relationship from (5.21), we have

This equation expresses the pricing kernel in terms of the marginal derived utility of wealth.

Now, we assume again that wt+1, Sj,t+1 and xj,t+1 are joint-normally distributed.
35 We can then evaluate the covariance

terms. By Stein's lemma,

where λt is a constant. Note that this result is consistent with the general model in Section 5.4. The difference here is
that in this model we have a more detailed representation of the market price of risk.

5.7 Conclusions
Multi-period models of asset pricing are inevitably complex. The multiple time periods imply that covariances across
cash flows arising at different times are relevant. Also, complications arise due to possibly stochastic market prices of
risk and interest rates. In this chapter, we have valued assets using both the time-state preference approach and the
rational expectations approach.

The time-state preference approach which leads to the ‘consumption CAPM’ is dealt with extensively in Huang and
Litzenberger (1988) and Cochrane (2001). Pliska (1997) relies exclusively on the rational expectations approach. While
these approaches are usually treated as separate models, it is important to recognise that they are just different
approaches to the same problem. Given similar assumptions, the two approaches yield the same prices.
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Exercises
5.1.Assume a state space as follows:

Let the state prices, q*i = qiBt,t+1 and q*k = qkBt,t+2

and

(a) Compute the bond prices Bt,t+1 and Bt,t+2.(b) Compute the conditional state prices qi,k and the conditional bond
prices B1,2,i.(c) If the payoff on an asset at t = 2 is given by the vector

what is the value of the asset, St,t+2, and what is its (time 2) forward price?(d) Compute the forward state prices, qk
and re-compute the forward price of the asset, Ft,t+2.

5.2. If the value of x1 at time t is given by
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and the value of x2, at time t, is

show that the value of x1 and x2 at time t:

5.3.Assume that

and that the representative investor can invest in a single risky asset from t = 1 to t = 2. Show that

for some constant, k, and r is the return on the risky asset.

5.4.Explain the difference between the period-by-period pricing kernels φt,t+1, φt+1,t+2 and the pricing kernel φt,t+2. When
and why is one or the other type of pricing kernel used in the valuation of cash flows?
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6
FORWARD AND FUTURES PRICES OF CON-

TINGENT CLAIMS

A forward contract is an agreement made at a point in time t to purchase or sell an asset at a later date t + T. A futures
contract is similar to a forward contract except that it is marked to market36 on a daily basis as time progresses from t to
t + T. This chapter applies the multi-period rational expectations model to analyse the pricing of forward and futures
contracts. In particular, we derive an expression for the difference between the forward price and the futures price of
an asset. This is then illustrated using an example where the asset price, the pricing kernel and the bond prices are joint
lognormal variables. We then consider the futures and forward prices of contingent claims, such as call options.
Options are traded on a marked-to-market basis on a number of exchanges, for example, the London Financial
Futures Exchange. Futures prices of options can be significantly different from the forward prices of the claims,
especially when the options are on interest-rate related assets such as bonds or swaps.37

6.1 Forward and Futures Cash Flows
We define futures and forward contracts in the most general terms as follows: A long (x = 0) [short(x = 1)] futures
contract made at time t, with maturity T, to buy [sell] an asset at a price Ht,t + T has a payoff −1x[Ht+τ,t+T − Ht+τ−1,t+T] at
time t + τ. Since for any a, a0 = 1 and a1 = a, x = 0 is the case where the long futures receivesHt+1,t+T −Ht,t+T at time t +
1. The case where x = 1 is

36 If a contract is marked to market, gains and losses due to daily price changes are settled immediately, usually through a margin account.
37 A classic article distinguishing the behaviour and pricing of forward and futures contracts is Cox, Ingersoll, and Ross (1981) (CIR). CIR characterised the payoff on futures and
forward contracts, allowing us to price these contracts using the multi-period methods of Chapter 5. This chapter also relies heavily on the paper by Satchell et al. (1997) which
applied many of the ideas in CIR to price futures and forwards on contingent claims.



the case where the short futures receives −Ht+1,t+T + Ht,t+T at time t + 1. The payoff on a forward contract is −1x[St+T −
Ft,t+T] at time t + T, thus x = 0 is the case where the long forward receives St+T − Ft,t+T at time t + T. The case where x =
1 is the case where the short forward receives −St+T + Ft,t+T at time t + T.

The payoff on the futures contract at t + T depends on the difference between the futures price on that day and the
price on the previous day. The cash flow profile for a long futures is shown in the first half of the following table. The
payoff on a long forward contract at a price Ft,t+T is shown in the second part of the table.

t+1 t+2 t+3 … t+T

Futures contract Ht+1,t+T−Ht,t+T Ht+2,t+T−Ht+1,t+T Ht+3,t+T−Ht+2,t+T … Ht+T,t+T−Ht+T−1,t+T

Forward contract

St+T−Ft,t+T

Since the futures price Ht+T,t+T must converge to St+T as t+T approaches, it follows that the sum of the cash flows
accruing to the futures contract equals the payoff on a forward contract if Ft,t+T = Ht,t+T.

6.2 No-arbitrage Relationships
Cox et al. (1981) characterised the payoff on futures and forward contracts. First, they established the following lemma:

Lemma 4 (CIR (1981) Proposition 1)Consider an asset with a price at time t + T. The futures price of the asset, Ht,t+T, is the
time t spot price of an asset which has a payoff

at timet + T.

Note that here, we have used the notation and , in order to emphasize the fact that the future asset price and
zero-coupon bond prices are stochastic.
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The importance of this result stems from the fact that it turns the futures price into the price of a physical asset that
could exist. This asset can be valued using the formulae derived in the previous chapter. We first give a simple proof of
the lemma. We will then use it, together with the rational expectations method, to find the futures price.

Proof We start with 1/Bt,t+1 long futures contracts at time t. The futures position on day τ is increased by multiplying
the previous position by 1/Bt+τ,τ+1. We consider a three-period case, where t = 0 and the futures matures at T = 3.
Hence the strategy is to take 1/B0,1 long futures at t = 0, 1/(B0,1B1,2) long futures at τ = 1, and 1/(B0,1B1,2B2,3) long
futures at τ = 2. Invest all gains/losses from the futures positions overnight and earn/pay the overnight rate 1/Bt+τ,τ+1
on these. Also, at time t = 0, invest an amount H0,3 in a one-period risk-free bond and roll it over at each period at the
one-period rate.

The period-by-period cash flows resulting from this strategy are as shown in the following table:

Time Profits from futures Gain from investment Net position

0 — — H0,3

1

2

3

Since the futures price for immediate delivery at t = 3 is H3,3 = S3, the strategy turns an investment of H0,3 into a cash
flow of S3/(B0 ,1B1 ,2B2 ,3). In general, an investment of Ht, t+T at time t can be turned into

at time t+T. Hence Ht,t+T must be the spot price of this payoff. ▪

A very similar argument can be used to characterise the forward price of an asset. We have the following lemma:

Lemma 5 (CIR Proposition 2) Consider an asset with a price at time t + T. The forward price of the asset, Ft,t+T, is the
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time t spot price of an asset which has a payoff

at time t + T.

Proof To prove this proposition, consider the following strategy. Invest Ft,t+T in a T-maturity risk-free bond at time t at
the long bond price, Bt,t+T. At the same time, take out 1/Bt,t+T long forward contracts to buy the asset. At time t + T, the
payoff of the risk-free bond investment is Ft,t+T/Bt,t+T, and the payoff from the forward contract is

. At time t + T, the combined position is . So Ft,t+T is the time t value of
. ▪

Lemmas 4 and 5 allow us to find the futures price Ht,t+T and the forward price Ft,t+T by valuing the payoffs of the assets
in the lemmas.

6.3 Forward and Futures Prices in a Rational Expectations Model
In this section, we use the rational expectations framework to derive the futures price of an asset, using the CIR (1981)
Proposition 1. From the analysis in Chapter 5, the spot price, St, of a period t + 3 cash flow, xt + 3, is given by

where φτ,τ+1, are the period-by-period pricing kernels. Since the bond price, Bt,t+1, is known at time t, and Bt+1,t+2, is
known at time t + 1, and so on, we can write St as
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In general, we can write

(6.1)

In order to simplify the notation, we now write , for all t. Here is often referred to as the
expectation under the ‘risk-neutral’ measure.38 Using this convention, the price of the cash flow, xt + 3, can be written
as:

(6.2)

This last step follows from the ‘tower’ property of expectations. Hence, under the rational expectations approach, the
price of a cash flow is the expected value, under the risk-neutral measure, of the discounted cash flow, where the
discount rate is the product of the period-by-period bond prices. In general, the cash flow arising at time t + T, has a
price

(6.3)

We can now find the futures price by applying CIR Proposition 1 and equation (6.3). From CIR Proposition 1, the
futures price of a cash flow xt + 3 is the spot price of an asset paying
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at time t + 3. Substituting this payoff in equation (6.2), we have

since all the discount factors cancel out. The futures price is simply the expectation, under the risk-neutral measure of
the cash flow xt+3. In general, we have the following important result:

(6.4)

The fact that the futures price is the expected value of the cash flow, under the risk-neutral measure, has a number of
interesting implications. First, if we define local risk-neutrality as the case where φt,t+1 = 1, for all t, then Ht,t+T = Et(xt+T).
The futures price is the expected spot price under local risk neutrality.39 Second, the futures price follows a martingale,
under the risk-neutral measure. To see this note that and the time t futures price is

At any date, t, the futures price is the expected value, under the risk-neutral measure, of the subsequent futures price.
Third, consider now the futures price of a European-style contingent claim, paying g(xt+T) at time t + T. This is the
price that would be agreed, if the claim was traded on a marked-to-market basis. We denote this futures price as
Ht,t+T[g(xt+T)]. Then, using (6.4), we have

This relationship will be used later to find the futures price of an option, under more specific assumptions.

We now consider the forward price of a cash flow. Again we take the example where T = 3. Using Lemma 5, the
forward price of xt,t+3 is the spot price of an asset paying xt,t+3/Bt,t+3 at time
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t + 3. Again using the rational expectations valuation equation, we have the forward price

In general, the forward price of the cash flow arising at time t + T, is

The first thing to note is the complexity of the forward price, in comparison to the futures price. The forward price
involves all the future, stochastic bond prices, that cannot be cancelled out as they are in deriving the futures pricing
formula. The forward price is not, in general, equal to the expected value of the cash flow under the period-by-period
risk-neutral measure. Neither is it a martingale under this probability measure. Now define a new variable:

where bt,t+T is the inverse of the amount obtained by borrowing Bt,t+T long-term and investing it in an overnight account
throughout the period from t to t + T. Using this definition, the forward price is

(6.5)
It follows from (6.5), by setting xt+T = 1 that

We can now evaluate the forward price and compare it with the futures price. Expanding the expected product term in
the forward price equation yields40
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Since the first term equals 1 and the second term is the futures price, we have

(6.6)
Clearly, the forward price of a cash flow will exceed the futures price if the covariance term in (6.6) is positive. There is
some reason to believe that for some assets, the covariance between xt+T and bt,t+T is positive, this is because if bt,t+T is
negatively related to interest rates and the payoff on cash flows from stocks or bonds may also be negatively related to
interest rates. However, the covariance in (6.6) is a covariance, under the risk-neutral measure. In order to evaluate this
covariance, we will make more specific assumptions in the following section.41

6.4 Futures and Forward Prices given Lognormal Variables
Explicit formulae relating the futures, forward and the spot prices of an asset are somewhat rare. It is useful therefore
to consider special cases where the distribution of the asset payoff, the pricing kernel, and the stochastic future bond
prices are specified. In this section we assume, as in Chapter 3 that the cash payoff, xt+T has a lognormal distribution.
Also, the pricing kernel φτ,τ+1 and the zero-coupon bond price are assumed to be lognormal over each future time
period.

If the bond price Bτ,τ+1 is lognormal, then this implies that bt,t+T is also lognormal, since bt,t+T is the product of future
bond prices.42 We now define a new variable by the relationship

(6.7)

It follows that if φτ,τ+1 is lognormal, the product term, φ*t,t+T, in (6.7) is also lognormal. Using this definition, equation
(6.1) for the

104 FORWARD AND FUTURES PRICES OF CONTINGENT CLAIMS

41 A similar relationship to that in (6.6) was first derived in Cox et al. (1985a,b) assuming geometric Brownian motion.
42 Since the sum of a set of normal variables is itself normal, then the product of a set of lognormal variables must be lognormal.



spot price can be written as43

The corresponding expressions for the futures price and the forward price, using this notation are:

In order to obtain explicit formulae for the futures and the forward price of the cash flow under lognormality, we
follow the logic of Chapter 3.

First, the futures price from (6.4) is

Now, substitute μx = E(ln xt+T) and μφ = E(ln φ*t,T) and take logarithms to yield

Then, given that , we have 44

and the futures price is

(6.8)
This expression for the futures price of an asset, derived in a multi-period rational expectations model, is similar to the
the formula for the forward price derived in Chapter 3, in the case of the single-period model. The difference is that
here, the product of the pricing kernels is φ*t, t+T, whereas in Chapter 3, the single-period pricing kernel was φt,t + T.
Hence, in the lognormal case, the multi-period futures price has a similar form to that of the forward price in the single-
period model.
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In the appendix to Chapter 3, we showed that if X and Y are lognormal with X = ex and Y = ey, it follows that

where σxy is the covariance of x and y. We can now use this result to analyse the forward-futures bias. We assume that
xt+T,φ*t,t+T and bt,t+T are multi-variate lognormal variables. It then follows that the forward price of xt,t+T is

since Et(φ*t,t+Tbt,t+T) = 1.45

Given that , let σxφ denote cov(ln xt+T, ln φ*t,t+T) and σxb denote cov(ln xt+T, ln bt,t+T), it then follows
that the forward price is given by

Finally, using (6.8) we find

(6.9)

To evaluate the forward-futures difference, we first write σxb = σxσbρxb. Now we see that (a) if interest rate are non-
stochastic; σb = 0, or (b) if interest rates are uncorrelated with xt+T; ρxb = 0. For these two special cases, σxb = 0, eσxb = 1
and the forward price will be the same as futures price. Suppose now that the cash flow, xt+T is itself a bond price, so
that the forward contract is a forward on a bond. In this case we can presume that the covariance between the xt+T and
the discount factor bt,t+T is positive. In this case, eσxb > 1, and the forward price of the bond will exceed its futures price.
We explore this example further in the following section, for the special case where xt+T is a short-term zero-coupon
bond.
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6.5 Futures Rates and Forward Rates in a Normal Interest-Rate
Model
We now consider the case where xt+T is the price of a one-period zero-coupon bond: Bt+T,t+T+1 = e−rt+T, where rt+T is the
one period spot rate at time t+T. We assume that the rt+T is normally distributed and hence the bond price, Bt+T,t+T+1, is
lognormally distributed. With rt+T being normal, we denote Et(−rt+T) = μx, and . The long futures contract
on the bond allows one to purchase the bond, at Ht,t+T. Further, let the futures rate be defined by the relationship:

46

Similarly, let Ft,t+T be the forward price, with ft,t+T the forward rate where

Then, we have, using equation (6.9),

(6.10)
where

and ln bt,t+T = ln [(Bt,t+1Bt+1,t+2 ··· Bt+T−1,t+T)/Bt,t+T]. Note here that the terms ln Bt,t+1 and ln Bt,T are non-stochastic, given
that we are standing at time t. It then follows that

since Bτ,τ+1 = e−rτ. Hence, it follows that

Assuming that the covariances are positive, then σxb > 0 and the futures rate is greater than the forward rate from
(6.10).
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In the case of a single factor interest-rate model, where the interest rate follows a random walk such that rτ+1 = rτ + ɛτ
and cov(rτ,rτ+1) = var(rτ), the futures rate is greater than the forward rate, and the difference widens when T gets larger.

6.6 Futures and Forward Prices of European-style Contingent Claims
In Chapter 3, we priced European-style contingent claims under the assumption that the underling asset price and the
pricing kernel were joint-lognormal. Here we extend this analysis to determine the futures and forward prices of these
claims. It turns out that the difference between the futures and forward prices is magnified considerably when the
options are written on interest-rate dependent securities. The futures price of an option is relevant for European-style
options that are marked to market. Such options are traded on the London International financial futures exchange
(LIFFE).

Let Ht,t+T[g(xt+T)] denote the futures price of a contingent claim paying g(xt+T) at time t + T. Taking the expectation of
the payoff under the risk-neutral measure as in (6.4), the futures price of the claim is

Re-writing this in terms of the pricing kernels:

As in Chapter 3, the conditional expectation of the pricing kernel, Et(φ*t,t+T|xt+T), is the asset-specific pricing kernel,
ψ*t,t+T. Now, assuming that xt+T and φ*t,t+T are joint-lognormal, we proceed using the same method as in Chapter 3. We
now write the futures price of the option as the integral:

(6.11)
We now substitute the futures price of the underlying asset, in order to derive a RNVR. Given the joint-lognormality
of φ*t,t+T

108 FORWARD AND FUTURES PRICES OF CONTINGENT CLAIMS



and xt+T, the futures price of the underlying asset is, from above

Using a similar argument to that employed in Chapter 3, the conditional pricing kernel is

and equation (6.11) can be written as

As in the one-period option valuation model in Chapter 3, we have derived a RNVR for the option price. Here the
RNVR exists between the futures price of the contingent claim and the futures price of the underlying asset. The
resulting option pricing model, in the case of a European-style call or put option, is often referred to as the Black
model.47

We now derive the forward price of a European-style contingent claim. Using the above definition of bt,t+T

where Bτ,τ+1 = e−rτ. We now assume that rτ has a normal distribution, so that bond prices is lognormal.
48 It follows that

bt,t+T is lognormal. Then defining φt,t+T = φ*t,t+Tbt,t+T and proceeding to value the contingent claim using the same
method as in the case of the futures price of the option, we find after substituting the forward price of the underlying
asset,
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and the forward price of the option is

Again, a RNVR exists for the price of the contingent claim. In this case, however the RNVR is between the forward
price of the claim and the forward price of the underlying asset. Note that the forward price and the futures price of the
claim will be the same as the futures price in a one-period world. However, in the multi-period world, with stochastic
interest rates, the difference between futures price of a call option and forward price of a call option, for example is

where and f * (xt+T) ∼ N [ln Ft,t+T,σ].

6.7 Conclusions and Further Reading
In this chapter, we have applied the multi-period rational expectations approach developed in Chapter 5, to analyse the
difference between the forward and futures prices of assets and contingent claims. Often forward and futures prices
are treated as equivalent in treatments of financial theory. However, for some claims the difference is highly significant.
These are claims on assets that are closely related to interest rates. Also, when we consider the futures and forward
prices of contingent claims these can differ considerably. The development here is closest to that found in Pliska
(1997). In that treatment the author extends the analysis of contingent claims to American-style contingent claims.
Further discussion of the forward and futures prices of contingent claims can be found in Hull (2003).
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Exercises
6.1 (a) Suppose X and Y are joint-lognormal. Prove that

(b) show that, when xt+T, φt,t+T and bt,t+T are multivariate lognormal

6.2 (a) Given

and that

show that a RNVR holds for the futures price of a contingent claim.(b) Show that E(φ|x) lognormal is necessary
for a RNVR to hold for Ht,t+T [b(xt+T)].

6.3 Assume that the variance of a one-year zero-coupon bond is and that the covariance

If the futures rate is 0.06 (for one-year money), what is(a) the futures price?(b) the forward rate?(c) the forward
price?

6.4 Given the definition of φ*t,t+T in Section 6.4, show that

6.5 Assume that t = 0, T = 2 and the zero-coupon bond prices are B0,1 and B0,2. Let the futures price be H0,2 and the
spot price at time 2 be S2. Illustrate a self-financing strategy which can turn H0,2 into S2/(B0,1B1,2).
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7
BOND PRICING, INTEREST-RATE PROCESSES,

AND THE LIBOR MARKET MODEL

Bond pricing is an important application of the rational expectations approach to valuation. Long-term bond prices
and bond forward prices can be obtained by taking appropriate expected values of future spot pries, under the risk-
neutral measure. In this chapter we use the complete market, pricing kernel approach to value bonds, given stochastic
interest rates. One important, practical problem is to model bond prices and interest rates with the correct drifts. This
is required in order to value interest-rate derivatives. We derive here the drift of the bond prices and interest rates
under the period-by-period risk-neutral measure. As a special case, we then take the case of interest rates defined on a
London Interbank Offer Rate (LIBOR) basis. We derive the drift of forward rates in what is generally known as the
LIBOR market model.

7.1 Bond Pricing under Rational Expectations
In the previous chapter we used the rational expectations approach to value a cash flow xt+Twhich occurs at time t + T.
Its value at time t is given by

(7.1)
In order to value a bond paying certain cash flows, we first take the case where xt+n = $1 in every state and t + n is the
maturity



date of the bond. The value of the cash flow in this case is hence

(7.2)
This is the value of a zero-coupon bond which has n periods to maturity. As in the previous chapter it is often
convenient to write this as an expectation under the ‘risk-neutral’ measure:

(7.3)
or, simply, using the property of expectations,

(7.4)
Equation (7.3) expresses the value of a long-term bond as an expectation of future stochastic short-term bond prices.
We can now use equation (7.4) to obtain a further important result. First note that (7.4) can be written as:

since Bt,t+1 is non-stochastic. Hence dividing through by Bt,t+1 we have, using spot-forward parity,

This states that the (one-period-ahead) forward price of a bond is the expectation, under the Q measure, of the (one-
period-ahead) spot price of the bond.49
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These pricing equations will now be used to analyse the forward prices of bonds, and in particular the drift, or
expected increase, of forward prices.

7.1.1 Bond Forward Prices
In the table below, we present the spot prices and forward prices of a zero-coupon bond which pays $1 at time t + n.
The forward contract matures at time t + T < t + n. In the first part of the table we show the spot and forward prices
using the and notation to emphasise the fact that these prices are stochastic. The zero-coupon bond prices
converge to $1 at time t + n. The forward prices for delivery of the bond at time t + T converge to the spot price

at time t + T.

t t+1 t+T … t+n

Bt,t+n … $1

Ft,t+T,t+n →

Ft,t+T,t+n =

In the second part of the table we state a result that the T-period forward price of the bond at time t equals the
expected forward price at t + 1 plus a term whose sign depends on the covariance (under the Q measure) of the time t
+ 1 bond price and bond forward price. Since this covariance is likely to be positive, this result shows that the drift of
the forward bond price under the Q measure:

(7.5)
is likely to be negative. In the following argument we establish this fundamental result.

First, we use forward parity to write the bond price at time t + 1:

BOND PRICING, INTEREST-RATE PROCESSES, AND THE LIBOR MARKET MODEL 115



Next, we take the expected value and use the definition of covariance to obtain

Now, using the result derived above that the one-period-ahead forward bond price is the expected value, under the Q
measure of the one-period-ahead spot bond price, we can write

Then, equation (7.5) follows immediately by multiplying by Bt,t+1 and dividing by Bt,t+T.

7.1.2 Some Further Implications of Forward Parity and Rational Expectations
One special case of the drift in (7.5) above is the case where T = 1. Here equation (7.5) simplifies to

(7.6)
since Ft+1,t+1,t+n = Bt+1,t+n and Bt+1,t+1 = 1, a constant. Hence, the one-period ahead forward price of the n-period bond is
just the expected value of the subsequent period spot price of the bond. We now apply forward parity arguments to
expand the right- and left-hand sides of equation (7.6).

First, the spot price at t + 1 on the right-hand side of (7.6) can be written as:

(7.7)
i.e., the spot price is the product of successive forward prices. Also, using a similar argument the left-hand side of (7.6)
can be written as:

(7.8)
This follows from the fact that a long-term forward contract can be replicated by a series of short-term contracts.
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7.2 The Drift of Forward Rates
One of the challenges of financial theory has been to construct dynamic models of the term structure of interest rates
which are consistent with no-arbitrage. In order to achieve this, models have to satisfy the condition derived above that
bond forward prices for all maturities equal the expectations of the one-period-ahead spot bond prices for those
maturities, under the risk-neutral measure. However, in order to price interest-rate dependent derivatives, often what is
required is a model of the evolution of forward interest rates rather than forward prices. In this section, we therefore
derive the correct drift of the forward interest rate.

Interest rates can be expressed in many different ways. In this chapter we use the conventional annual rate. For
simplicity, assume that the period length, from t to t + 1 is one year. The annual yield rate at time t, yt, is then defined by
the equation

Consistent with this spot yield rate we define the forward rate at time t, as ft,t+T, in the equation

Note that we will always refer to forward rates for one-year loans and hence we have dropped the final subscript on
the forward rate.

Using these definitions and substituting (7.7) and (7.8) in the equation (7.6), we find the following:

(7.9)
Note that equation (7.9) holds for all values of T. Hence, in particular, with T = 1,

(7.10)
These relationships will play a key role in our subsequent derivation of the forward rate drift.
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We now ask the question: what is the drift of the forward rate, ft,t+T, under the risk-neutral measure? That is, what is
? To answer the question, we introduce the following contract definition.

Definition 6A forward rate agreement (FRA) is an agreement made at time t to exchange fixed-rate interest payments at a rate k
for variable rate payments, on a principal amount A, for the loan period t + T to t + T + 1.

The time scale for payments on a T-maturity FRA is shown below:

Here, t is the contract agreement date, t + T is the settlement date, and t + T + 1 is the date on which the notional loan
underlying the FRA is repaid.

The contract is usually settled in cash at t + T on a discounted basis. The settlement amount at time t + T on a long
FRA is

From here onwards, for convenience we assume that the principal A = $1. Note that the FRA settlement takes place at
t + T, and is discounted by the spot rate discount factor 1/(1 + yt+T). In contrast, a futures contract on an interest rate
payoff would not be discounted, although it is also settled at t + T. At the time of the contract inception, an FRA is
normally structured so that it has zero value. To gaurantee this, the strike rate k is set equal to the market forward rate
ft,t+T. We denote the value of the FRA at time t as FRAt,t+T. Hence, if the FRA is correctly priced we must have:

(7.11)
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Note again that equation (7.11) holds for all forward maturities T. Given a probability distribution of possible
outcomes of the interest rate yt+T, the equation determines the market forward rate, ft,t+T.

7.2.1 FRA Pricing and the Drift of the Forward Rate: One-period Case
The determination of ft,t+T is complicated by the fact that the FRA payment is discounted over successive periods at the
stochastic rate of interest. The argument is easier to understand, if we start initially with a one-period FRA and then
proceed to price a two-period FRA, before moving to the general T-period case.

We first consider a one-year FRA. Since a one-period FRA struck at ft,t+1 has zero value, employing equation (7.11),
with T = 1, we have

and it follows that

and hence that

One problem in evaluating this equation is the term . However, we can now use the result from
equation (7.9) with T = 1 to write

and it follows, multiplying by (1+ft,t+1),

(7.12)
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Equation (7.12) shows that the drift of the forward rate is determined by a covariance term involving yt+1 and a
function of yt+1. As yt+1 increases, 1/(1 + yt+1) decreases. Hence, the covariance term is negative and the drift of the
forward rate is always positive.

7.2.2 FRA Pricing and the Drift of the Forward Rate: Two-period Case
We now proceed to calculate the drift of a two-period forward rate over the first period. We use a similar argument,
but this time consider a two-period FRA. At time t, assume that we enter a long two-period maturity FRA contract
with a strike price k1. The expected payoff at the maturity date, t + 2 is

Under no-arbitrage, the strike rate must equal the two-year forward rate, i.e., k1 = ft,t+2. At the end of the first period,
we enter a short FRA contract (i.e., this is known as a reversal strategy) with the following payoff

again at time t + 2. Under no arbitrage, the strike rate on this second FRA must equal the one-period-ahead forward
rate at t + 1, i.e., k2 = ft+1,t+2. Now we evaluate the portfolio of the original FRA plus the short FRA entered into at t +
1. Substituting for k1 and k2, the payoff on the portfolio at time t + 2 is given by

since the uncertain interest rate, yt+2, in the numerator cancels out.

The value of the portfolio at time t + 1 is found by taking the expected value at t + 1, under the Q measure and
discounting by
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the interest rate yt+1. This is

(7.13)
where the last equation follows from taking (7.10), with n = 2. Finally, evaluating the value of the portfolio back at time
t using (7.13), we must have

and hence

It then follows that the drift of the two-period forward rate is given by

(7.14)
To obtain the last term in (7.14) we have used (7.9) with T = 2. In general the drift of the T-period forward rate

(7.15)
To obtain the last term in (7.15) we have again used (7.9). In general, the covariance term in equation (7.15) is difficult
to evaluate. However, if the one-period ahead spot rates and forward rates are assumed to be lognormal, the
covariance can be easily evaluated
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in terms of logarithmic covariances. This leads to a model that can be implemented easily and practically.

7.2.3 The Drift of the Forward Rate under Lognormality
We now assume that the forward rate ft+1,t+T is lognormal for all forward maturities, T. We can then evaluate the
covariance term, using an approximation. In the appendix, we show that the following approximation holds for the
covariance of two variables X and Y, by expanding X around a constant a and Y around a constant b:

We now evaluate the drift of the yield rate in (7.12), assuming that yt+1 is lognormal. Here we take a = ft,t+1 and b = 1/(1
+ ft,t+1). We then have

and substituting in (7.12), the drift of the one-year forward rate is

(7.16)

We now proceed to evaluate the drift of the two-year forward rate in equation (7.14). Here we have the term
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Substituting this in the first part of equation (7.14) and using the property of logarithms we find that

(7.17)
In general, the drift of the T-maturity forward rate depends on the sum of a series of covariance terms. The drift in the
general case is

(7.18)

Finally, in order to state the covariance terms in a more recognisable form, we use Stein's lemma to evaluate the terms
with a form

for example. In the appendix (at the end of this chapter), we show that if X and Y are joint-lognormal variables then

This follows from an extension of Stein's lemma, which was used in chapter 1 to derive the CAPM. Using X = ft+1,t+T
and Y = ft+1,t+2, we have
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Finally, substituting similar expressions in the drift equation (7.18) and using the relation:50

gives

In this model, the drift of the forward rate over the first period depends on the logarithmic covariances of the forward
rates.

7.3 An Application of the Forward Rate Drift: The LIBOR Market
Model
The LIBOR is a short-term interest rate quoted for a period less than or equal to one year. The most important rate is
the three-month US Dollar LIBOR. Most interest-rate derivative contracts, FRAs for example, are contracts on
LIBOR. Let ft,t+T denote the T-period forward LIBOR at time t. Following market convention, ft,t+T is quoted as a
simple annual rate. The relationship of the forward price of a zero-coupon bond to the quoted rate is given by

where δ is length of the loan period, or re-set interval. If T = 0, ft,t is the spot LIBOR, where

In this section, we derive the drift of the forward rate: ft,t+T, when it is quoted on a LIBOR basis. We make the
assumption that forward rates, in one period's time, are joint lognormally distributed, for all maturities T. With this
assumption, we can use the results
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of the previous section, merely substituting the LIBOR for the annual yield rate. Also, since time is now measured in δ
intervals, the settlement payment for an FRA on LIBOR is given by

The effect of the LIBOR convention is to modify the drift of the forward rate. The following is a straightforward
generalisation of equation (7.15). The drift of the forward rate is given in the two-period case by

and in general for the T-maturity forward rate:

Hence it follows that51

Finally, to obtain the drift of LIBOR in the Brace et al. (1996) model, we assume that the covariance structure is inter-
temporally
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stable. That is, we assume that is a function of the forward maturities and is not
dependent on t. Then we can write

where στ,T is the covariance of the log τ-period forward LIBOR and the log T-period forward LIBOR. We can then
write:

(7.19)
For example, when t = 0 and T = 2

Equation (7.19) shows how to calculate the drift of the forward LIBORs under the period-by-period risk-neutral
measure. It shows that the drift depends on a series of discounted covariances. One difficulty highlighted by the
equation is that the drift is stochastic, since it depends on the future state-dependent forward LIBORs. This implies
that in any impementation, it is difficult to produce a simple re-combining tree of rates. Also note that the spot LIBOR
is not unconditionally lognormal, given the stochastic drift. For these reasons most implementations of the LIBOR
market model use Monte Carlo simulation to compute interest-rate derivatives prices.

7.4 Conclusions
In this chapter we have introduced the topic of bond pricing in a rational expectations, pricing kernel model. We have
used the no-arbitrage model to derive bond forward prices, the drift of bond forward prices, and the drift of interest
rates. The LIBOR market model suggested by Brace et al. (1996) and Milterson et al. (1997), is an application of these
basic ideas to the case where interest rates are defined on a LIBOR basis. We have derived the drift of LIBOR under
the risk-neutral measure but have not investigated the pricing of interest-rate derivatives using the model. Readers
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interested in pursuing this topic could look at Hull (2003) and Bjork (2004).

7.5 Appendix
In this appendix, we present two technical results which are required in the proof of the drift of forward rates. The first
follows from Taylor's theorem. The second is an implication of Stein's lemma.

Lemma 7 (Covariances of Logarithms)Taylor's series expansion involves approximating the value of g(x) around the value x
= a

Now define g(x) = ln X, then from Taylor's theorem, we can write

and similarly

Hence

with the first-order approximation.

Lemma 8 (Stein's Lemma for lognormal variables)For joint-normal variables x and y

Hence, if x = ln X and y = ln Y, then
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Proof Let

From Stein's lemma,
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Exercises
7.1.What is the drift of the futures price of a bond under the risk-neutral measure? How does this differ from the drift

of the forward price of a bond under the risk-neutral measure?

7.2. Show that

and hence that

7.3. In the case of the two-period forward, we show in (7.14) that the drift is

Show that a similar relationship holds for the three-period forward

7.4.The drift of the two-period forward rate depends upon the term
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Write down all the steps showing that this equals

7.5. In the LIBOR market model, the drift of the forward rate is the sum of a set of discounted covariances of the
forward rates [see equation (7.19)]. Discuss the assumptions that have been made in deriving this result and their
significance in the argument.
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Appendix: Stein's lemma

Since Stein's lemma (1973) is crucial to pricing relationships derived in several chapters, a summary of Stein's lemma is
shown in this appendix.
First define(A.1)

where f(y) is the normal density function. Note that (A.1) implies(A.2)

since if

Lemma 9 (Integration by parts)

Proof(A.3)

Now since



from (A.3)

Given that f(∞) = f(−∞) = 0 then from (A.2) h(∞) = h(−∞) = 0. Then, if g(y) is bounded, we get, using (A.2),

▪Stein's lemma specifies the covariance of x and a function of y when x and y are a pair of bivariate normal variables as
follows.
Lemma 10 (Stein's lemma)

Proof Consider(A.4)

Rewrite the LHS of (A.4) in terms of conditional expectations:(A.5)

Since x and y are joint-normal(A.6)

Hence (A.5) becomes
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Now substitute into LHS of (A.4):(A.7)

Since from bivariate normal regression in (A.6):

so(A.8)

Using lemma (9)
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